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POLYTOPE NUMBERS AND THEIR PROPERTIES
Abstract. Polytope numbers for a polytope are a sequence of nonneg-
ative integers that are defined by the facial information of a polytope.
Every polygon is triangulable and a higher dimensional analogue of this
fact states that every polytope is triangulable, namely, every polytope
can be decomposed into simplexes. Thus it may be possible to represent
polytope numbers by sums of simplex numbers. We analyzes a special
type of triangulation, called pointed triangulation, and develops several
methods to represent polytope numbers by sums of simplex numbers.
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Introduction
Polygonal numbers are a sequence of nonnegative integers constructed ge-
ometrically by a polygon. The square numbers are the numbers of points in
square arrays as in Figure 1.
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Figure 1. Square numbers
Polytope numbers are higher dimensional analogues of polygonal numbers
or, equivalently, polygonal numbers are two dimensional polytope numbers.
Every polygon is triangulable and a higher dimensional analogue of this fact
is that every polytope is triangulable. Thus it may be possible to represent
polytope numbers by sums of simplex numbers. We analyze a special type
of triangulation, called pointed triangulation, and develop several methods
to represent polytope numbers by sums of simplex numbers, which we for-
mulate as decomposition theorems. We also consider several applications of
polytope numbers to other mathematcial topics.
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We provide basic definitions and notations in Section 1. We define pointed
triangulation and consider shellings for pointed triangulations in Section 2.
We define polytope numbers and provide two descriptions of polytope num-
bers in Section 3. We furnish several ways of decomposing polytope numbers
into simplex numbers and formularize them as decomposition theorems in
Section 4. We illustrate decomposition theorems by applying them to sev-
eral polytopes in Section 5. We suggest applications of polytope numbers in
Section 6.
1. Preliminaries
Polytope numbers for a polytope, which we study in Section 3, are a
sequence of natural numbers defined by a recurrence relation that uses the
facial information of a polytope. Therefore properties of polytope numbers
and those of polytopes are closely related. We collect basic material for
polytopes that we use in our discussion. We begin with the definition of
polytope and provide several examples of polytopes. We next introduce
the faces of a polytope, the interior of a polytope, lines in general position,
linear functions in general position, polytopal complexes, and shellings of
polytopal complexes. The basis of this section is the contents in Ziegler’s
book [1].
1.1. The definition of polytope. Let Rd be the vector space of all column
vectors of length d with real entries and (Rd)∗ be its dual vector space. The
column vectors in Rd represent points. The column vectors 0 and 1 are
the column vectors of all zeros and all ones, respectively, and the column
vectors e1, e2, . . . , ed are the unit vectors in R
d. Each row vector a ∈ (Rd)∗
represents the linear form la : R
d → R defined by lax 7→ ax. The row vectors
O and 1 denote the all zeros and all ones row vectors in (Rd)∗, respectively,
and the row vectors f1, f2, . . . , fd are the unit vectors in (R
d)∗. The vector
x∗ is the transpose of x.
4 POLYTOPE NUMBERS AND THEIR PROPERTIES
The nonempty affine subspaces are the translates of linear subspaces. The
set of all affine combinations of a finite set {x1,x2, . . . ,xn} is
aff
(
{x1,x2, . . . ,xn}
)
=
{
x ∈ Rd
∣∣∣∣x = ∑
i∈[n]
λixi for λi ∈ R,
∑
i∈[n]
λi = 1
}
,
where [n] = {1, 2, . . . , n}. A set of n points is affinely independent if its
affine hull has dimension n− 1.
For a subset K of Rd, let conv(K) be the convex hull of K. A V-polytope
is the convex hull of a finite set of points in some Rd. An H-polytope is a
bounded intersection of finitely many closed halfspaces in some Rd. Denoting
by A = (a1,a2, . . . ,am)
∗ an m× d-matrix with the rows a1,a2, . . . ,am and
writing z = (z1, z2, . . . , zm)
∗, we can represent an H-polytope by
P (A, z) =
{
x ∈ Rd
∣∣ (A, z) ∈ Rm×d × Rm, Ax ≤ z}
where the inequality Ax ≤ z is the shorthand for a system of inequalities
a1x ≤ z1,a2x ≤ z2, . . . ,amx ≤ zm.
A polytope is a point set that is either a V-polytope or an H-polytope.
Theorem 1.1 (Main theorem for polytope [1]). A subset of Rd is a V-
polytope if and only if it is an H-polytope.
The dimension of a polytope P , denoted by dim(P ), is the dimension of its
affine hull and a d-polytope is a polytope of dimension d in some Re with
e ≥ d.
Some recycling operations produce new polytopes. Let P be a d-polytope
and x0 be a point outside of aff(P ) (for this we embed P into R
n for some
n > d). A pyramid over P is
pyr(P ) = conv
(
P ∪ {x0}
)
.
The face set of pyr(P ) is
{
F, pyr(F )
∣∣F is a face of P}.
Similarly, a bipyramid over P is
bipyr(P ) = conv
(
P ∪ {x−,x+}
)
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where both x− and x+ are in outside of aff(P ) and an interior point of the
segment conv
(
{x−,x+}
)
is an interior point of P .
For two polytopes P and P ′ the product of P and P ′ is
P × P ′ =
{
(x,x′)∗
∣∣x ∈ P,x′ ∈ P ′}.
The dimension of P × P ′ is dim(P ) + dim(P ′) and the face set of P × P ′ is
{
F × F ′
∣∣F (resp. F ′) is a face of P (resp. P ′).}
Example 1.1. A d-simplex αd is the convex hull of d+1 affinely independent
points in Rn with n ≥ d. Thus a d-simplex is a polytope of dimension d
with d+1 vertexes and it is a pyramid over a (d−1)-simplex. The standard
d-simplex αds is the simplex in R
d+1 defined by
αds = conv
(
{e1, e2, . . . , ed+1}
)
.
We construct a d-cross polytope βd by an iteration. Let β0 be a point.
For d ≥ 1 we define a d-cross polytope to be βd = bipyr(βd−1). The standard
d-cross polytope βds is the cross polytope defined by
βds = conv
(
{±e1,±e2, . . . ,±ed}
)
.
We also form a d-measure polytope γd by an iteration. Let γ0 be a point
and γ1 be a line segment. For d ≥ 2 we define γd = γd−1×γ1. In particular,
the standard d-measure polytope γds is the measure polytope defined by
γds = conv
({∑
i∈[d]
aiei
∣∣∣∣ ai ∈ {1,−1}
})
.
1.2. The faces and the interior of a polytope. For a polytope P we
define vert(P ) to be the vertex set of P and F(P ) (resp. Fk(P )) to be the
face (resp. k-face) set of P .
For y ∈ P if every proper face of P does not contain y, then we say that
y is an interior point of P . We define int(P ) to be the interior of P , which
is the set of all interior points in P , and ∂P = P \ int(P ) to be the boundary
of P . We call relint(P ) the relative interior of P, which is the interior of
P with respect to an embedding of P into its affine hull where P is full
dimensional. Analogous to the interior of a polytope, relint(P ) is the set
6 POLYTOPE NUMBERS AND THEIR PROPERTIES
of points in P that are in no proper face of P . By the definition of relative
interior,
P =
⊎
F∈F(P )
relint(F )
where
⊎
denotes the disjoint union.
1.3. Lines and linear functions in general position. Let P = P (A,1)
be a d-polytope with A = (a1,a2, . . . ,an)
∗. A line through 0 ∈ int(P ) is in
general position with respect to P if it is not parallel to any hyperplane that
defines faces of P and it does not hit the intersection of any two of them.
If we write the line in the form L(u) = {tu | t ∈ R} for some u 6= 0, then
general position means that aiu 6= aju when i 6= j and {i, j} ⊆ [n].
Lemma 1.2 (Ziegler [1]). Let P = P (A,1) and u ∈ Rd \ {0}. If λ is small
enough, then the line L(uλ) is in general position with respect to P where
uλ = u+ (λ, λ2, . . . , λd)∗.
Corollary 1.3 (Ziegler [1]). For a polytope P a line in general position with
respect to P exists.
A linear function cx is in general position with respect to a polytope P
if it separates the vertexes of P , that is, if cvi 6= cvj for any two distinct
vertexes vi and vj of P .
Lemma 1.4 (Ziegler [1]). Let P = P (A,1) and c ∈ (Rd)∗ \{O}. If λ > 0 is
small enough, then the linear function cλx is in general position with respect
to P where
cλ = c+ (λ, λ2, . . . , λd).
Corollary 1.5 (Ziegler [1]). For a polytope P a linear function in general
position with respect to P exists.
Let P be a polytope with 0 ∈ int(P ) and F be a proper face of P . For a
point y ∈ Rd we say that y is a point beyond F if y and 0 lie on different
sides of H1 for every facet defining hyperplane H1 that includes F , but on
the same side of H2 for every facet defining hyperplane H2 that does not
include F .
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Let P be a polytope. The vertexes and edges of P form a finite, undi-
rected, and simple graph G(P ), called the graph of P . For every face F of
P we define G(F ) to be the induced subgraph of G(P ) on vert(F ), that is,
the graph of all vertexes in F and all edges of P between them. The graph
G(F ) coincides with the graph of F if we consider F as a polytope.
We consider an orientation of G(P ) that assigns a direction to every edge.
An orientation is acyclic if no directed cycle is in it. Thus, if a graph G(P )
has an acyclic orientation, then G(P ) has a sink, that is, a vertex that does
not have an edge directed away from it. If a linear function cx is in general
position, then this linear function gives a well-defined method to direct the
graph G(P ), by directing an edge conv
(
{vi,vj}
)
from vi to vj if cvi > cvj .
We call this orientation the orientation of G(P ) induced by cx. Monotone
paths on P , that is, edge paths such that the objective function increases
strictly in each step, translate into directed paths in the orientation of G(P )
induced by cx.
Theorem 1.6 (Ziegler [1]). For a polytope P , if cx is a linear function in
general position for P , then the orientation of G(P ) induced by cx is acyclic
with a unique sink. This sink is the unique point in P such that cx achieves
its minimum.
Note that if O is an acyclic orientation of G(P ), then the restriction of G(P )
to each nonempty subset A of vert(P ) has a sink with respect to O.
An acyclic orientation O of G(P ) is good if for every nonempty face F
of P the graph G(F ) has exactly one sink. The existence of good acyclic
orientations of G(P ) follows from Theorem 1.6.
Corollary 1.7 (Ziegler [1]). For a polytope P , if cx is in general position
for P , then it is in general position for each face of P .
1.4. Polytopal complexes and shellings. A polytopal complex C is a
finite collection of polytopes that satisfies the following conditions:
Condition 1. The empty polytope is in C.
Condition 2. If P is an element of C, then every face of P is also in C.
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Condition 3. The intersection of two polytopes P and P ′ in C is a face both
of the polytopes P and P ′.
The dimension of C is defined by
dim(C) = max
{
dim(P )
∣∣P ∈ C}
and the underlying set of C is the point set |C| =
⋃
P∈C P .
A polytopal complex is pure if each of its faces is in a face of dimension
dim(C), that is, if all of the inclusion maximal faces of C, called the facets of
C, have the same dimension. Let CP be the complex formed by the faces of
a polytope P . The boundary complex C∂P is the subcomplex of CP formed
by all proper faces of CP . Thus its underlying set is
|C∂P | = ∂P = P\relint(P ).
A subdivision of a polytope P is a polytopal complex CP with the underlying
space |CP | = P . The subdivision is a triangulation if every polytope in CP
is a simplex.
Although a polytopal complex is a set of polytopes, we use it as a gener-
alization of a polytope and we define the faces of a polytopal complex to be
its elements. For example, the faces of a hexagon’s triangulation in Figure
2 are the vertexes, the edges, and the triangles in this triangulation.
 
 
 
 
−→
 
 
 
 
✁
✁
✁
✁
✟✟
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 
 
 
 
Figure 2. A hexagon’s triangulation
From this generalization, we denote
C =
⊕
F∈C
F
and define Fk(C) to be the set of k-faces of C. Since every face of a polytopal
complex C is in a facet of C, if dim(C) = d and C is a pure polytopal complex,
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then we denote
C =
⊕
F∈Fd(C)
F.
Note that
C =
⊕
F∈C
F and C =
⊕
F∈Fd(C)
F
are polytopal complex analogues of
|C| =
⋃
F∈C
F and |C| =
⋃
F∈Fd(C)
F,
respectively.
Let CP be a polytopal complex obeying |CP | = P . For F ∈ F(P ) the
subdivision CF of F on CP is
CF =
{
F ′ ∈ CP
∣∣F ′ ⊆ F.}.
Therefore
CF =
⊕
F ′∈CP
F ′⊆F
F ′.
We call CF the subdivision of F with respect to CP .
For a pure d-polytopal complex C a shelling of C is a linear ordering of the
facets F1, F2, . . . , Fs in C such that either C is 0-dimensional or it satisfies
the following conditions:
Condition 1. The boundary complex C∂F1 of the first facet F1 has a shelling.
Condition 2. For j ∈ [s]\{1} the intersection of the facet Fj with the union
of previous facets is a nonempty set and a beginning segment
of a shelling of the (d − 1)-dimensional boundary complex in
Fj , that is,
Fj ∩
( ⋃
i∈[j−1]
Fi
)
= F ′1 ∪ F
′
2 ∪ · · · ∪ F
′
r
for some shelling F ′1, F
′
2, . . . , F
′
r, . . . , F
′
s′ of C∂Fj . In particular,
this condition requires that Fj ∩
( ⋃
i∈[j−1]
Fi
)
has a shelling,
therefore it has to be pure (d− 1)-dimensional and connected
for j ∈ [s] \ {1}.
A polytopal complex is shellable if it is pure and has a shelling.
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Remark 1.1.
1. Every simplex is shellable and every ordering of its facets is a shelling.
These facts immediately follow by induction on dimension since the in-
tersection of Fj with Fi for i < j is always a facet of Fj .
2. For triangulations, the shelling condition 1 is redundant. Thus we can
simplify the shelling condition 2 considerably. We can replace the shelling
condition 2 with
Condition 2′. For j ∈ [s] \ {1} the intersection of the facet Fj with the
previous facets is nonempty and pure (d− 1)-dimensional.
In other words, for every i < j there exists some l < j such
that Fi ∩ Fj is a subpolytope of Fl ∩ Fj and Fl ∩ Fj is a
facet of Fj .
Let P be a polytope and x be a point. The point x lies in general position
with respect to the polytope P if x is not in the affine hull of a facet in P .
A facet F of a P is visible from x if for every y ∈ F the line segment
conv
(
{x,y}
)
intersects P only in the point y. Equivalently, F is visible
from x if and only if x and int(P ) are on different sides of the hyperplane
aff(F ) spanned by F . For example, if xG is beyond the face G, then the
facets that include G are exactly those that are visible from xG.
Theorem 1.8 (Bruggersser [2]). Let P be a polytope and x be a point outside
P . If point x lies in general position with respect to P , then the boundary
complex C∂P of P has a shelling such that the facets of P that are visible
from x come first.
This theorem shows that every polytope is shellable. In Section 2, we need
to use Ziegler’s proof of Theorem 1.8 [1], thus we provide that proof here.
Proof. Let x be a point that lies in general position with respect to P . We
choose a line l through both x and a point in general position for P . The
properties we need are that l contains x, l hits the interior of P , and any two
different facet-defining hyperplanesH andH ′ of P satisfy l∩H 6= l∩H ′. For
simplicity, we assume that l is not parallel to any of the facet hyperplanes,
thus there is no intersection point at infinity. We orient l from P to x.
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Now we imagine that P is a polyhedral planet and there is a rocket that
starts on its surface at the point where the oriented line l leaves the planet.
This point lies on a unique facet F1 of P and for the first few minutes of the
flight only F1 is visible from the rocket.
After a while, a new facet appears on the horizon. The rocket passes
through a hyperplane H2 and we label the corresponding facet F2. We con-
tinue to label the facets F3, F4, . . . of P in the order where the rocket passes
through their hyperplanes, that is, in the order such that the facets appear
on the horizon, becoming visible from the rocket. Now we imagine that the
rocket passes through and comes back to the planet from the opposite side.
We continue the shelling by taking the facets in the order such that the
rocket passes though the hyperplanes aff(Fi), that is, the corresponding
facets disappear on the horizon.
This rocket flight clearly gives a well-defined ordering on the facets of P .
What’s more, the facets that are visible from x form a beginning segment,
since we see exactly those facets at the point where the rocket passes through
x.
To verify that the ordering is a shelling, we consider the intersection
∂Fj ∩
( ⋃
i∈[j−1]
Fi
)
.
If we add Fj before we pass through infinity, then this intersection is exactly
the set of those facets in Fj that are visible from the point l∩aff(Fj) where
Fj appears on the horizon. Thus we know by induction on dimension that
this collection of facets of Fj is shellable and can be continued to a shelling
of the whole boundary ∂Fj .
After the rocket passes through infinity, the intersection is the family of
nonvisible facets. This family of nonvisible facets is also shellable because
reversing the orientation of l yields the shelling with the reversed ordering
of the facets. 
Corollary 1.9 (Ziegler [1]). For any two facets F and F ′ of a polytope P ,
there is a shelling of ∂P such that F is the first facet and F ′ is the last one.
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Proof. We choose a shelling line l that intersects the boundary of P in the
facets F and F ′. For example, we choose two points x and x′ beyond F and
F ′, respectively, and let l be the line determined by x and x′. If necessary,
we perturb l to general position. 
2. Pointed triangulations
Every polygon is triangulable and we may regard a polytope’s triangula-
tion as a higher dimensional analogue of a polygon’s triangulatoin. We intro-
duce a special kind of triangulation, called pointed triangulation, and study
shellings of this triangulation. Pointed triangulations and their shellings
constitute the main tool to relate polytopes and polytope numbers.
Let CP be a triangulation of a d-polytope P that satisfies the following
conditions: For d ∈ N = {0, 1, . . .} let [d]0 = {0, 1, . . . , d}.
Condition 1. For k ∈ [d]0 each k-face F of P has a triangulation
CF =
⊕
αk∈CF
αk
such that there is a designated vertex vF ∈ vert(F ), called
the apex of F , satisfying
vF ∈
⋂
αk∈CF
αk.
Condition 2. For any two faces F1 and F2 of P if {vF1 ,vF2} ⊆ F1 ∩F2 then
vF1 = vF2 .
Condition 3. For each face F of P if w ∈ vert(F ) \ {vF } then the edge
conv
(
{vF ,w}
)
is in CF .
We define
V (P ) =
{
vF
∣∣F ∈ F(P )}
and call it the set of apexes of CP . Note that V (P ) is a multiset by the
condition 2. Even though the set V (P ) is dependent on a pointed triangu-
lation of P , we use V (P ) by abusing notation. We call CP the V (P )-pointed
triangulation. Conditions 1–3 are called the pointed triangulation conditions.
Theorem 2.1. Every polytope has a pointed triangulation.
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Proof. Let P be a d-polytope. By Lemma 1.5 a linear function in general
position cx with respect to P exists and by Corollary 1.7 the linear function
cx decides a unique sink vF for each face F ∈ F(P ). For each F ∈ F(P )
we define
V (F ) =
{
vG |G ∈ F(F )
}
and
CF ={∅} ∪
{
conv
(
{vG1 ,vG2 , . . . ,vGk}
) ∣∣∣ k ∈ [d],
Gi ∈ F(F ), Gi ) Gi+1,vGi /∈ Gi+1
}
.
We claim that CP is the V (P )-pointed triangulation. To verify this claim,
we use induction on dimension.
We first show that CP is a triangulation of P . By the definition of CP
the polytopal complex CP is a triangulation, thus we need only show that
|CP | = P . Moreover, |CP | ⊆ P , therefore it suffices to show that |CP | ⊇ P .
Let x ∈ P . Since
P =
⋃
F∈Fd−1(P )
vP /∈F
conv
(
{vP } ∪ F
)
,
there is a facet F of P such that

vP /∈ F
x ∈ conv
(
{vP } ∪ F
) .
By the way, for each F ∈ C the complex CF satisfies |CF | = F by the
induction hypothesis, hence there is a (d− 1)-simplex αd−1 in CF such that
x ∈ conv
(
{vP } ∪ α
d−1
)
.
By the definition of CP the polytope conv
(
{vP }∪α
d−1
)
is an element of CP ,
thus x ∈ |CP |. It follows that |CP | ⊇ P .
We now show that CP is the V (P )-pointed triangulation. By the definition
of CP , the complex CP satisfies the pointed triangulation conditions 1 and
3. Let F1 and F2 be two faces of P such that {vF1 ,vF2} ⊆ F1 ∩ F2. Since
vF1 ∈ F1 ∩ F2 ∈ F(F1),
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we obtain vF1∩F2 = vF1 , and similarly, vF1∩F2 = vF2 . This yields vF1 = vF2 .
As a result, CP satisfies the pointed triangulation condition 2. This proves
that CP is the V (P )-pointed triangulation. 
From now on, every pointed triangulation is formed by the method in the
proof of Theorem 2.1.
Theorem 2.2. Let P be a d-polytope with the V (P )-pointed triangulation
CP . There is a shelling of CP such that for Fd(CP ) =
{
αd1, α
d
2, . . . , α
d
s
}
if
j ∈ [s] \ {1}, then the number of facets of αdj in α
dj ∩
( ⋃
i∈[j−1]
αdi
)
, denoted
by lj , satisfies lj ∈ [q − 1].
Proof. The complex CP is a triangulation, thus we need only show the
shelling condition 2′. We borrow the definitions and notations in the proof
of Theorem 1.8.
Let
Fd−1(CP , v̂P ) =
{
αd−11 , α
d−1
2 , . . . , α
d−1
s
}
be the set of (d− 1)-simplexes αd−1 on ∂(P ) satisfying

vP /∈ α
d−1
αdi = conv
(
{vP } ∪ α
d−1
i
) .
Since CP is a pointed triangulation, we may instead prove that there is a
shelling of Fd−1(CP , v̂P ) such that the number of facets of α
d−1
j in
αd−1j ∩
( ⋃
i∈[j−1]
αd−1i
)
, denoted by lj, satisfies lj ∈ [d− 1]. We define such a
shelling to be the triangulation shelling.
Without loss of generality, we assume that fdx is a linear function in
general position that determines V (P ). We choose a point x that lies in
general position, that is, does not lie in the affine hull of a facet of P , and a
line l through x and a point in general position. By Corollary 1.9, we may
assume that l passes through two distinct facets F d−1 and F d−1P of P such
that vm ∈ F
d−1 and vP ∈ F
d−1
P where

fdvm = max
{
fdv
∣∣v ∈ vert(P )}
fdvP = min
{
fdv
∣∣ v ∈ vert(P )} .
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We may further assume by Lemma 1.2 that the line l is orthogonal to the
plane fdx = 0 and the rocket defined by l moves in the direction that the
value of dth coordinate in its position vector increases. As in Theorem 1.8,
this rocket flight assigns a shelling to the facets of P , thus it assigns a shelling
to those facets that do not contain vP .
If either d = 0 or d = 1, then the line l evidently assigns a triangulation
shelling to Fd−1(CP , v̂P ). Suppose that d ≥ 2. We assume that the line l
assigns a triangulation shelling to every pointed triangulation of a k-polytope
when k ∈ [d− 1] ∪ {0}.
We first assign a shelling to the facets of P that do not contain vP as
in Theorem 1.8. Let them be F d−11 , F
d−1
2 , . . . and CF d−1i
be the V (F d−1i )-
pointed triangulation. In this case, the indexes in the facets of P equal those
in the shelling of P . By the induction hypothesis, C
F d−11
has a triangulation
shelling. Suppose that
⋃
i∈[k]
CF d−1i
has a triangulation shelling and let vF d−1k+1
be the sink of F d−1k+1 . Then
vF d−1k+1
/∈
⋃
i∈[k]
F d−1i or vF d−1k+1
∈
⋃
i∈[k]
F d−1i .
We suppose that vF d−1k+1
/∈
⋃
i∈[k]
F d−1i and define
CF d−1k+1
=
⊕
i∈[mk+1]
αd−1k+1,i.
If we use induction on dimension by considering the formation of
⋃
i∈[k]
C
F d−1i
,
then the triangulation CF d−1k+1
has a shelling such that the number of facets
of αd−1k+1,i in ∣∣∣∣ ⋃
i∈[k]
CF d−1i
∣∣∣∣⋃
( ⋃
j∈[i]
αd−1k+1,j
)
is at most d− 1.
Suppose that vF d−1k+1
∈
⋃
i∈[k]
F d−1i . If every facet F
d−2
k+1,1 of F
d−1
k+1 obeying
dim
(∣∣∣∣ ⋃
i∈[k]
CF d−1i
∣∣∣∣⋂F d−2k+1,1
)
= d− 2
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contains the apex vF d−1k+1
, then
⋃
i∈[k+1]
CF d−1i
has a triangulation shelling. As-
sume that F d−1k+1 has another facet F
d−2
k+1,2 satisfying

F d−2k+1,2 ⊆
⋃
i∈[k]
F d−1i
dim
(
F d−2k+1,1
⋂
F d−2k+1,2
)
= d− 3
vF d−1k+1
/∈ F d−2k+1,2
.
Using Corollary 1.9, we can choose a shelling of ∂(F d−1k+1 ) such that F
d−2
k+1,1 is
the last facet and F d−2k+1,2 is the first one. If we use induction on dimension by
considering the formation of
⋃
i∈[k]
CF d−1i
, then we can assign a triangulation
shelling to
⋃
i∈[k+1]
C
F d−1i
.
Considering all of the facets in Fd−1(CP , v̂P ) allows us to assign a trian-
gulation shelling to these facets. 
 
 
✁
✁
✁
✁
−→  
 
✁
✁
✁
✁
 
 
 
 
−→  
 
✁
✁
✁
✁
 
 
 
 
✟✟
✟✟
−→  
 
✁
✁
✁
✁
 
 
 
 
✟✟
✟✟
 
 
Figure 3. A triangulation shelling of a pointed triangulation
3. Polytope numbers
We define polytope numbers in this section. By using the definition of
polytope numbers, we also derive the product formula for polytope numbers.
Intuitively, polytope numbers for a polytoope are a sequence of numbers as-
sociated with a polytope. To count these numbers more effectively, we need
a canonical method to describe them geometrically, called the geometric
description of polytope numbers. We begin with the geometric description
of simplex numbers, introduce the facet-cut, suggest the geometric descrip-
tion of polytope numbers, and finally consider the description of polytope
numbers by vertex sets.
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3.1. The definition of polytope numbers. For a d-polytope we define a
sequence of polytpe numbers P (n) and interior polytope numbers P (n)♯ by
double induction on d and n.
When d = 0, we define

P (0) = 0, P (n) = 1 for n ≥ 1
P (0)♯ = 0, P (n)♯ = 1 for n ≥ 1
.
When d ≥ 1, we suppose that for each k-polytope F satisfying k < d the
numbers F (n) and F (n)♯ are defined. We define

P (0) = 0, P (1) = 1
P (n) = P (n− 1) +
∑
vP /∈F∈F(P )
F (n)♯ for n ≥ 2
and 

P (0)♯ = 0, P (1)♯ = 0
P (n)♯ = P (n)−
∑
F∈F(P )\{P}
F (n)♯ for n ≥ 2
,
where vP is a fixed vertex of P . Following the definition of polytope num-
bers, we can also define
P (n) =
∑
F∈F(P )
F (n)♯.
Remark 3.1.
1. To define polytope numbers for a polytope P , we need to choose a vertex
vP of P and a vertex vF of F for each F ∈ F(P ) \ {P} with vP /∈ F .
Defining V (P ) to be the set of such vertexes, we call P (n) the V (P )-
polytope numbers.
2. The set V (P ) for the V (P )-polytope numbers coincides with the set V (P )
for the V (P )-pointed triangulation defined in Section 2. The geometric
description of polytope numbers explains the reason for this coincidence.
3.2. Polytope numbers for products of polytopes. Following the def-
inition of polytope numbers and that of the product of polytopes, we can
expect that polytope and interior polytope numbers for the product of two
polytopes are the product of two corresponding polytope and interior poly-
tope numbers, respectively. We shot that this is actually true.
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For i ∈ [2] let Pi be a di-polytope. Suppose that Pi(n) are the V (Pi)-
polytope numbers and P1 × P2(n) are the V (P1 × P2)-polytope numbers.
We claim that
(3.1)


P1 × P2(n) = P1(n)× P2(n)
P1 × P2(n)
♯ = P1(n)
♯ × P2(n)
♯
.
To prove this claim, we use double induction on the numbers d = d1 + d2
and n.
If either d = 0 or n = 0, then the identity (3.1) is trivially true. Suppose
that d ≥ 1 and n ≥ 1. The apex of P1 × P2 is vP1 × vP2 , thus
P1 × P2(n) = P1 × P2(n− 1) +
∑
vP1
×vP2
/∈F1×F2
F1×F2∈F(P1×P2)
F1 × F2(n)
♯(3.2)
By the induction hypothesis

P1 × P2(n− 1) = P1(n− 1)× P2(n− 1)
F1 × F2(n)
♯ = F1(n)
♯ × F2(n)
♯
,
hence the identity (3.2) becomes
P1 × P2(n) = P1(n− 1)× P2(n− 1) +
∑
vP1
×vP2
/∈F1×F2
F1×F2∈F(P1×P2)
F1(n)
♯ × F2(n)
♯
In addition,
P1(n− 1)× P2(n− 1) =
∑
vP1
∈F1
F1∈F(P1)
F1(n)
♯ ×
∑
vP2
∈F2
F2∈F(P2)
F1(n)
♯
=
∑
vP1
×vP2
∈F1×F2
F1×F2∈F(P1×P2)
F1(n)
♯ × F2(n)
♯,
therefore
P1 × P2(n) =
∑
F1×F2∈F(P1×P2)
F1(n)
♯ × F2(n)
♯
=
( ∑
F1∈F(P1)
F1(n)
♯
)
×
( ∑
F2∈F(P2)
F2(n)
♯
)
= P1(n)× P2(n).
It follows that
P1 × P2(n) = P1(n)× P2(n).
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Similarly,
P1 × P2(n)
♯ = P1(n)
♯ × P2(n)
♯.
Generalizing the identity (3.1) to the product of several polytopes, we can
compute polytope numbers for products of several polytopes.
Theorem 3.1 (Polytope numbers for the product of polytopes). Let P1, P2, . . . , Pl
be polytopes. Suppose that Pi(n) are the V (Pi)-polytope numbers. If
∏
i∈[l]
Pi(n)
are the V
( ∏
i∈[l]
Pi
)
-polytope numbers, then


(∏
i∈[l]
Pi
)
(n) =
∏
i∈[l]
Pi(n)( ∏
i∈[l]
Pi
)
(n)♯ =
∏
i∈[l]
Pi(n)
♯
.
3.3. The geometric description of simplex numbers and the facet-
cut. To define polytope numbers for a polytope P , we need to use its facial
information. Hence it may be possible to arrange points in P that correspond
to polytope numbers for P . Since polytope numbers for P are determined
by a pointed triangulation CP , we need to consider a method to describe
simplex numbers by such arrangements of points in simplexes. We proceed
by induction.
We first consider polytope numbers for the standard d-simplex αds . We
claim that
(3.3) αds(n) =
∣∣∣{x ∈ Nd+1 ∣∣1x = n− 1}∣∣∣.
If either d = 0 or (d, n) ∈
(
N\{0}
)
× [n]1, then the identity (3.3) is obviously
true. For d ≥ 2 and n ≥ 2, we suppose that

 α
k
s(n) =
∣∣∣{x ∈ Nk+1 ∣∣1x = n− 1}∣∣∣ when k ∈ [d− 1]
αds(m) =
∣∣∣{x ∈ Nd+1 ∣∣1x = m− 1}∣∣∣ when m ∈ [n− 1] .
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Since ∣∣∣{x ∈ Nd+1 ∣∣1x = n− 1}∣∣∣
=
∣∣∣{x ∈ Nd+1 ∣∣1x = n− 2}∣∣∣ = ∣∣∣{x ∈ Nd ∣∣1x = n− 1}∣∣∣
=αds(n− 1) + α
d−1
s (n) = α
d(n − 1) + αd−1(n)
=αd(n),
this proves the claim.
Lemma 3.2. For each n the number αds(n) is the number of points in
Sαds (n) =
{
x ∈ Nd+1
∣∣
1x = n− 1
}
.
We now consider the case of ordinary simplexes. Let αd be a d-simplex
with vert(αd) = {v1,v2, . . . ,vd+1}. The sets vert(α
d
s) and vert(α
d) are
affinely independent, thus there is a bijective affine map fαd such that
fαd(ei) = vi
when i ∈ [d + 1]. It follows that fαd(α
d
s) = α
d. Since fαd is a bijection, we
can correlate αd(n) to the points in fαd
(
Sαds (n)
)
.
Let αd be a d-simplex and F be a facet of a d-simplex conv
(
fαd
(
Sαds (n)
))
.
Then the number of points in F ∩ fαd
(
Sαds (n)
)
is
αd−1(n) =
(
n+ d− 1− 1
d− 1
)
.
Now eliminating all points of F ∩ fαd
(
Sαds (n)
)
from fαd
(
Sαds (n)
)
changes
fαd
(
Sαds (n)
)
into one of
Siαd(n) = fαd
(
Siαds
(n)
)
for i ∈ [d+ 1] where

Si
αds
(n) =
{
x ∈ Nd+1
∣∣
1x = n− 1, fix ≥ 1
}
∣∣∣Siαds (n)
∣∣∣ = (n−1+d−1d )
.
We call this process the facet-cut and we represent it by
αd(n)− αd−1(n) = αd(n− 1).
In general, successive k facet-cuts on αd(n) yield αd(n− k).
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3.4. The geometric description of polytope numbers. We have ge-
ometrically described simplex numbers by arranging points in a simplex.
By using this description, we consider the geometric description of polytope
numbers for a polytope by arranging points in a polytope.
Let P be a d-polytope with the V (P )-pointed triangulation CP . Assuming
that P (n) are the V (P )-polytope numbers, we define

SP (n) =
⋃
αd∈Fd(CP )
Sαd(n)
SP (n)
♯ = SP (n)−
⋃
αd−1∈Fd−1(CP )
αd−1⊆∂(P )
Sαd−1(n)
.
By using double induction on d and n, we show that

P (n) =
∣∣SP (n)∣∣
P (n)♯ =
∣∣SP (n)♯∣∣ .
Suppose that d = 0. By definition,

∣∣SP (0)∣∣ = 0, ∣∣SP (n)∣∣ = 1 for n ≥ 1∣∣SP (0)♯∣∣ = 0, ∣∣SP (n)♯∣∣ = 1 for n ≥ 1 .
Assume that d ≥ 1 and n ∈ [1]0. Similarly,

∣∣SP (0)∣∣ = 1, ∣∣SP (1)∣∣ = 1∣∣SP (0)♯| = 0, |SP (1)♯∣∣ = 0 .
From now on, we assume that d ≥ 2 and n ≥ 2.
For a point p and a set S we define p + S = {p + s | s ∈ S}. By the
definition of SP (n),
SP (n) =
(
vP + SP (n− 1)
)⊎{
SP (n) \
(
vP + SP (n− 1)
)}
=
(
vP + SP (n− 1)
)⊎( ⋃
vP /∈α
d−1
αd−1∈Fd−1(CP )
Sαd−1(n)
)
.
Since CP is a pointed triangulation, by induction on d⋃
vP /∈α
d−1
αd−1∈Fd−1(CP )
Sαd−1(n) =
⋃
vP /∈F
F∈F(P )
SF (n) =
⊎
vP /∈F
F∈F(P )
SF (n)
♯,
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which yields
SP (n) =
(
vP + SP (n− 1)
)⊎( ⊎
vP /∈F
F∈F(P )
SF (n)
♯
)
.
Therefore, by double induction on d and n,
∣∣SP (n)∣∣ =
∣∣∣∣(vP + SP (n− 1))⊎
( ⊎
vP /∈F
F∈F(P )
SF (n)
♯
)∣∣∣∣
=
∣∣SP (n− 1)∣∣ + ∑
vP /∈F
F∈F(P )
∣∣SF (n)♯∣∣ = P (n− 1) + ∑
vP /∈F
F∈F(P )
F (n)♯
= P (n).
Similarly,
|SP (n)
♯| =
∣∣∣∣SP (n) \ ⋃
αd−1∈Fd−1(CP )
αd−1⊆∂(P )
Sαd−1(n)
∣∣∣∣
=
∣∣∣∣SP (n) \ ⋃
F∈F(P )\{P}
SF (n)
∣∣∣∣ =
∣∣∣∣SP (n) \ ⊎
F∈F(P )\{P}
SF (n)
♯
∣∣∣∣
=
∣∣SP (n)∣∣− ∑
F∈F(P )\{P}
∣∣SF (n)♯∣∣ = P (n)− ∑
F∈F(P )\{P}
F (n)♯
= P (n)♯.
Theorem 3.3. Let P be a d-polytope with the V (P )-pointed triangulation
CP . Suppose that P (n) are the V (P )-polytope numbers. Then
P (n) =
∣∣∣∣ ⋃
αd∈Fd(CP )
Sαd(n)
∣∣∣∣,
P (n)♯ =
∣∣∣∣∣
( ⋃
αd∈Fd(CP )
Sαd(n)
)
\
( ⋃
αd−1∈Fd−1(CP )
αd−1⊆∂(P )
Sαd−1(n)
)∣∣∣∣.
3.5. The vertex description of polytope numbers. The V (P )-polytope
numbers are determined by both the set V (P ) and the facial information of
P . For example, for each n the number αds(n) is, by the geometric descrip-
tion of polytope numbers, the number of points in the set
Sαd0
(n) =
{
x ∈ Nd+1
∣∣
1x = n− 1
}
.
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By the way,
{
x ∈ Nd+1
∣∣
1x = n− 1
}
=
{ ∑
j∈[n−1]
eij
∣∣∣∣ 1 ≤ i1 ≤ i2 ≤ · · · ≤ in−1 ≤ d+ 1
}
=
{ ∑
i∈[n−1]
vFi
∣∣∣∣Fi ∈ F(αds), Fi ⊇ Fi+1
}
,
hence for each n the number αds(n) equals the number of points in the set{ ∑
i∈[n−1]
vFi
∣∣∣∣Fi ∈ F(αds), Fi ⊇ Fi+1
}
.
In general, if P is a d-polytope, then for each n the number P (n) is the
number of points in the set ⋃
αd∈F(CP )
fαd
(
αds
)
,
thus it may be possible to describe polytope numbers by vertex sets.
Let P be a d-polytope with the V (P )-pointed triangulation CP . For n ≥ 0
we define two sequences of sets TP (n) and TP (n)
♯ by double induction on
the numbers d and n.
Let d = 0. We define

TP (0) = TP (0)
♯ = ∅
TP (1) = TP (1)
♯ = {0}
,
and for n ≥ 1
TP (n) = TP (n)
♯ = {vP }.
Let d ≥ 1. We define 

TP (0) = TP (0)
♯ = ∅
TP (1) = TP (1)
♯ = {0}
and

TP (n) =
⋃
F∈F(P )
(
vF + TF (n− 1)
)
=
{ ∑
i∈[n−1]
vFi
∣∣∣∣Fi ⊇ Fi+1
}
,
TP (n)
♯ = TP (n) \
( ⋃
F∈F(P )\{P}
TF (n)
)
=
{ ∑
i∈[n−1]
vFi
∣∣∣∣Fi ⊇ Fi+1, conv({vF1 ,vF2 , . . . ,vFn−1}) ⊆ ∂(P )
}
.
for n ≥ 2.
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We claim that
(3.4)


∣∣TP (n)∣∣ = P (n)∣∣TP (n)♯∣∣ = P (n)♯ .
If either d = 0 or n = 0, then the identities in (3.4) are apparent. Suppose
that d ≥ 1 and n ≥ 1. Then
TP (n) =
⋃
F∈F(P )
(
vF + TF (n− 1)
)
=
(
vP + TP (n− 1)
)⊎{ ⋃
vP /∈F
F∈F(P )
(
vF + TF (n− 1)
)}
=
(
vP + TP (n− 1)
)⊎〈 ⋃
vP /∈F
F∈F(P )
[
TF (n)
♯
⋃{ ⋃
vF ∈G
G∈F(F )\{F}
(
vG + TG(n− 1)
)}]〉
.
Since
⋃
vP /∈F
F∈F(P )
[
TF (n)
♯
⋃{ ⋃
vF∈G
G∈F(F )\{F}
(
vG + TG(n− 1)
)}]
=
⋃
vP /∈F
F∈F(P )
TF (n)
♯ =
⊎
vP /∈F
F∈F(P )
TF (n)
♯,
we obtain
TP (n) =
(
vP + TP (n− 1)
)⊎( ⊎
vP /∈F
F∈F(P )
TF (n)
♯
)
.
Therefore, by double induction on d and n,
∣∣TP (n)∣∣ =
∣∣∣∣(vP + TP (n− 1))⊎
( ⊎
vP /∈F
F∈F(P )
TF (n)
♯
)∣∣∣∣
=
∣∣vP + TP (n− 1)∣∣+ ∑
vP /∈F
F∈F(P )
∣∣TF (n)♯∣∣
= P (n− 1) +
∑
vP /∈F
F∈F(P )
F (n)♯
= P (n).
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By the definition of TP (n)
♯
TP (n)
♯ = TP (n) \
( ⋃
F∈F(P )\{P}
TF (n)
)
= TP (n) \
( ⊎
F∈F(P )\{P}
TF (n)
♯
)
,
therefore
∣∣TP (n)♯∣∣ =
∣∣∣∣TP (n) \
( ⊎
F∈F(P )\{P}
TF (n)
♯
)∣∣∣∣
=
∣∣TP (n)∣∣− ∑
F∈F(P )\{P}
∣∣TF (n)♯∣∣
= P (n)−
∑
F∈F(P )\{P}
F (n)♯
= P (n)♯.
Theorem 3.4. For a polytope P if P (n) are the V (P )-polytope numbers,
then 

P (0) = P (0)♯ =
∣∣∅∣∣
P (1) = P (1)♯ =
∣∣{0}∣∣
and

P (n) =
∣∣∣∣
{ ∑
i∈[n−1]
vFi
∣∣∣∣Fi ⊇ Fi+1
}∣∣∣∣,
P (n)♯ =
∣∣∣∣
{ ∑
i∈[n−1]
vFi
∣∣∣∣Fi ⊇ Fi+1, conv({vF1 ,vF2 , . . . ,vFn−1}) ⊆ ∂(P )
}∣∣∣∣.
when n ≥ 2.
3.5.1. Computations of polytope numbers by the vertex description of poly-
tope numbers. Kim computed polytope numbers for regular polytopes by
the definition of polytope numbers [3]. We compute polytope numbers for
several polytopes by the vertex description of polytope numbers and show
that our computation coincides Kim’s computation.
For the standard d-simplex αds we suppose that V
(
αds
)
is formed by the
linear function
Lαd(x1, x2, . . . , xd+1) =
∑
i∈[d+1]
ixi.
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If F is a face of αds , then

F = conv{ei1 , ei2 , . . . , eik}
vF = ei1
where 1 ≤ i1 < i2 < · · · < ik ≤ d+ 1. Thus
Tαds (n) =
{
(x1, x2, . . . , xd+1) ∈ N
d+1
∣∣∣∣ ∑
i∈[d+1]
xi = n− 1
}
,
which yields
αd(n) = αds(n) =
∣∣Tαd(n)∣∣ =
(
n− 1 + d
d
)
.
For the standard d-cross polytope βds let
Lβds (x1, x2, . . . , xd) =
∑
i∈[d]
ixi
be a linear function that forms V (βds ). If F is a face of β
d
s , then
F = conv{ai1ei1 , . . . , aikeik}
where 

{i1, i2, . . . , ik} ⊆ [d]
{ai1 , ai2 , . . . , aik} ⊆ {1,−1}
.
Let I+F and I
−
F be subsets of {i1, i2, . . . , ik} defined by

ai = 1 for i ∈ I
+
F
ai = −1 for i ∈ I
−
F
.
For each face F of βds , the apex vF is
vF =


e1 for F = P
emin(I+F )
for I+F 6= ∅
−emax(I−F )
for I+F = ∅
.
We define a partial order ≺ on V (βds ) by
vF1 ≺ vF2 for F1 ⊆ F2.
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Then 

ei ≺ ej ,−ei ≺ −ej if i ≤ j
ei ≻ −ej if i 6= j
.
Therefore βd(n) is the number of lattice points (x+1 − x
−
1 , x2, x3, . . . , xd)
satisfying 

x+1 , x
−
1 ≥ 0
x+1 + x
−
1 +
∑
i∈[d]\{1}
|xi| = n− 1
.
Recall that a lattice point is a point each of whose coordinates is an integer.
We can easily show that the number of such lattice points equals the number
of lattice points (x1, x2, . . . , xd) obeying

x1 ≥ 0
x1 +
∑
i∈[d]\{1}
|xi| ≤ n− 1
.
For the standard d-measure polytope γds let
Lγds (x1, x2, . . . , xd) = −
(∑
i∈[d]
(d+ 1− i)xi
)
be a linear function in general position for γds that forms V
(
γds
)
. A face
F of γd is determined by the intersection of the following hyperplanes that
defines facets of γds ;
xi1 = ai1 , xi2 = ai2 , . . . , xik = aik
where 

{i1, i2, . . . , ik} ⊆ [d]
{ai1 , ai2 , . . . , aik} ⊆ [1]0
,
which gives vF =
∑
j∈[k]
aijeij . Thus
γd(n) = γds (n) =
∣∣∣{(x1, x2, . . . , xd)∣∣xi ∈ [n− 1]0}∣∣∣.
Let
αd−1k =
{
(x1, x2, . . . , xd)
∣∣∣∣ ∑
i∈[d]
xi = k, xi ≥ 0
}
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be a hypersimplex and
Lαd−1k
(x1, x2, . . . , xd) =
∑
i∈[d]
(d+ 1− i)xi
be a linear function in general position for αd−1k that forms V (α
d−1
k ). Since
the hyperplanes xi = 0 and xi = 1 for i ∈ [d] determine the facets of α
d−1
k ,
the hyperplanes
xi1 = ai1 , xi2 = ai2 , . . . , xik = aik
satisfying 

{i1, i2, . . . , ik} ⊆ [d]
{ai1 , ai2 , . . . , aik} ⊆ [1]0
,
determine a face F of αd−1k . Let

I0F =
{
i ∈ {i1, . . . , ik}
∣∣ ai = 0}
I1F =
{
i ∈ {i1, i2, . . . , ik}
∣∣ ai = 1}
and IF be the set of the first k −
∣∣I1F ∣∣ minimal indexes in
[d] \
(
I0F ∪ I
1
F
)
.
Note that
∣∣I0F ∣∣ ≤ d− k and ∣∣I1F ∣∣ ≤ k. Then
vF =
∑
i∈I1F
ei +
∑
i∈IF
ei.
We claim that
αd−1k (n) =
∣∣∣∣
{
(x1, x2, . . . , xd)
∣∣∣∣ ∑
i∈[d]
xi = k(n− 1), xi ∈ [n− 1]0
}∣∣∣∣.
To establish this claim, we need only show that for each (x1, x2, . . . , xn) with

∑
i∈[d]
xi = k(n − 1)
xi ∈ [n− 1]0
there is a set {vF1 ,vF2 , . . . ,vFn−1} in V (P ) such that

Fi ⊇ Fi+1∑
i∈[n−1]
vFi = (x1, x2, . . . , xd)
.
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Let x1 = (x1,1, x1,2, . . . , x1,d) with

∑
i∈[d]
x1,i = k(n − 1)
x1,i ∈ [n− 1]0
.
We define I1 to be the set of indexes i such that x1,i = n − 1, J1 to be the
set of k − |I1| smallest numbers from [d]− I1, and

y1 =
∑
i∈I1∪J1
ei
x2 = x1 − y1
.
Inductively, we define Il to be the set of indexes i such that xl,i = n − l, Jl
to be the set of k − |Il| smallest numbers from [d]− Il, and

yl =
∑
i∈Il∪Jl
ei
xl+1 = xl − yl
.
We can easily show that x1 =
∑
i∈[n−1]
yi and there are faces F1, F2, . . . , Fn−1
of αd−1k such that 

Fi ⊇ Fi+1
vFi = xi
.
4. Decomposition theorems for polytope numbers
We have defined pointed triangulation in Section 2 and the geometric de-
scription of polytope numbers in Section 3. By combining these concepts,
we develop several methods to represent polytope numbers by sums of sim-
plex numbers, called decomposition theorems. We also investigate relations
between these decomposition theorems.
4.1. Decomposition theorem 1. Decomposition theorem 1 shows that
every d-polytope numbers can be decomposed into d-simplex numbers.
Theorem 4.1 (Decomposition theorem 1). Let P be a d-polytope with the
V (P )-pointed triangulation CP . Suppose that P (n) are the V (P )-polytope
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numbers. Then there are nonnegative integers a1, a2, . . . , ad−1 such that
P (n) = αd(n) +
∑
i∈[d−1]
aiα
d(n− i).
Proof. Let P be a d-polytope with the V (P )-pointed triangulation CP .
Then the geometric description of polytope numbers furnishes P (n) =
∣∣SP (n)∣∣
where
SP (n) =
⋃
αd∈Fd(CP )
Sαd(n).
Let Fd(CP ) =
{
αd1, α
d
2, . . . , α
d
s
}
. Using Lemma 2.2, we can assign a shelling
to Fd(CP ) that satisfies the conditions of Lemma 2.2. We assume that the
indexes of elements in Fd(CP ) equal those in the proof of Lemma 2.2.
Let 

P1 =
{
Sαd1
(n)
}
Q1 = Sαd1
(n)
.
Then
|Q1| = α
d(n).
For k ≥ 2 defining 

Pk = Pk−1 ∪
{
Sαdk
(n)
}
Qk = Qk−1 ∪ Sαdk
(n)
,
we inductively suppose that the number of facets of conv
(
Sαdk
(n)
)
in
⋃
αd∈Pk−1
conv
(
Sαd(n)
)
,
denoted by lk, satisfies lk ∈ [d − 1]. Thus we need to eliminate every point
on those lk facets from conv
(
Sαdk
(n)
)
to compute |Qk|. For this elimination,
we apply successive lk facet-cuts to Sαdk
(n). Then
|Qk| = α
d(n) +
∑
i∈[k−1]
αd(n− li+1).
Continuing this operation until k = m yields
|Qm| = α
d(n) +
∑
i∈[s−1]
αd(n− li+1).
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Since lk ∈ [d−1] when k ∈ [s]\{1}, there are nonnegative integers a1, a2, . . . , ad−1
such that
αd(n) +
∑
i∈[s−1]
αd(n− li+1) = α
d(n) +
∑
i∈[d−1]
aiα
d(n− i).
By Qm = SP (n),
P (n) = αd(n) +
∑
i∈[d−1]
aiα
d(n− i).

Remark 4.1. For a d-polytope P with the V (P )-pointed triangulation CP ,
the number P (n) is a polynomial in n and it can be determined by d different
values of n. Thus, whichever shelling of CP we may choose, the pointed
triangulation CP uniquely determines the coefficients a1, a2, . . . , ad−1. This
means that a polynomial identity of polytope numbers explains a geometric
property of polytopes.
4.2. Decomposition theorem 2. Decomposition theorem 2 shows that we
can describe polytope numbers for a polytope by the facial information of a
pointed triangulation.
Theorem 4.2 (Decomposition theorem 2). Let CP be the V (P )-pointed tri-
angulation. If P (n) are the V (P )-polyopte numbers, then
P (n) =
∑
i∈[d−1]
(−1)d−ibiα
i(n)
where bi is the number of i-simplexes α
i in CP such that

vP ∈ α
i
αi ∩ int(P ) 6= ∅
.
Proof. Let CP be the V (P )-pointed triangulation. We assume that the
order on d-simplexes in CP is the same as that in Decomposition theorem 1.
We can naturally endow the V (Pk)-pointed triangulation of
Pk =
⋃
i∈[k]
conv
(
Sαdi
)
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from CP for k ∈ [s]. Even when Pk is not convex, this triangulation is
possible by the definition of pointed triangulation. We denote by CPk the
endowed V (Pk)-pointed triangulation of Pk.
Let SPk(n) =
⋃
i∈[k]
Sαdi
(n). If k = 1 then
∣∣SP1(n)∣∣ = αd(n).
Inductively, we assume that
∣∣SPk(n)∣∣ = ∑
i∈[d]
(−1)d−ibk,iα
d
i (n),
where bk,i is the number of α
i ∈ CPk such that

vP ∈ α
i
αi ∩ int
( ⋃
j∈[k]
αdj
)
6= ∅
.
We claim that
(4.1)
∣∣SPk+1(n)∣∣ = ∑
i∈[d]
(−1)d−ibk+1,iα
d
i (n).
If either d = 0 or d = 1, then the identity (4.1) is obvious. Suppose that
d ≥ 2. For
F d−1k+1 = α
d
k+1 ∩
∣∣CPk ∣∣
let CF d−1k+1
be the endowed V
(
F d−1k+1
)
-pointed triangulation of F d−1k+1 from CPk .
By the definition of pointed triangulation, there are (d− 2)-simplexes
αd−2k+1,1, α
d−2
k+1,2, . . . , α
d−2
k+1,lk+1
such that
F d−1k+1 =
⋃
i∈[lk+1]
αd−2k+1,i.
Thus CF d−1k+1
is the V
(
F d−1k+1
)
-pointed triangulation of F d−1k+1 . By induction on
d ∣∣∣∣ ⋃
i∈[lk+1]
Sαd−1k+1,i
(n)
∣∣∣∣ = ∑
i∈[d−1]
(−1)d−ick+1,iα
i(n),
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where ck+1,i is the number of i-simplexes α
i in CF d−1k+1
such that


vP ∈ α
i
αi ∩ int
(
F d−1k+1
)
6= ∅
.
Hence
∣∣SPk+1(n)∣∣ = ∣∣SPk(n)∣∣+ ∣∣αdk+1(n)∣∣−
∣∣∣∣ ⋃
i∈[lk+1]
αd−1k+1,i(n)
∣∣∣∣
=
∑
i∈[d]
(−1)d−ibk,iα
i(n) + αd(n)−
∑
i∈[d−1]
(−1)d−1−ick+1,iα
i(n)
= (bk,d + 1)α
d(n) +
∑
i∈[d−1]
(−1)d−i(bk, i + ck+1,i)α
i(n).
Since bk,d + 1 is the number of d-simplexes α
d in CPk+1 such that

vP ∈ α
d
αd ∩ int
( ⋃
j∈[k+1]
αdk+1
)
6= ∅
and for i ∈ [d − 1] the number bk,i + ck+1,i is the number of i-simplexes α
i
in Ck+1 such that 

vP ∈ α
i
αi ∩ int
( ⋃
i∈[k+1]
αdk+1
)
6= ∅
,
we prove our assertion.
If we continue this process until k = s, then
P (n) =
∑
i∈[d]
(−1)d−ibiα
i(n)
where bi is the number of α
i in P such that

vP ∈ α
i
αi ∩ int(P ) 6= ∅
.

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4.3. Decomposition theorem 3. The main idea of Decomposition theo-
rem 3 is to represent a pointed triangulation by a disjoint union and then
to apply this representation to polytope numbers.
Theorem 4.3 (Decomposition theorem 3-1). Let CP be the V (P )-pointed
triangulation and
Fk(CP ,vP ) =
{
αk
∣∣vP ∈ αk, αk ∈ Fk(CP )}.
Then the V (P )-polytope numbers are represented by
P (n) =
∑
k∈[d]
ckα
k(n − k)
where ck =
∣∣Fk(CP ,vP )∣∣.
Proof. For each αk ∈ Fk(CP ,vP ) there are exactly k facets α
k−1 of αk that
are in Fk−1(CP ,vP ) such that vP ∈ α
k−1. Correlating αk(n) to Sαk(n), we
apply successive k facet-cuts to Sαk(n). Then these successive facet-cuts
change Sαk(n) into S
k
αk
(n) where
∣∣Skαk(n)∣∣ = αk(n− k).
Each pair of distinct faces αi and αj of CP contained in Fi(CP ,vP ) satisfies
Siαi(n) ∩ S
j
αj
(n) = ∅,
thus
P (n) =
∑
k∈[d]
∑
αk∈Fk(CP ,vP )
Skαk(n)
=
∑
k∈[d]
ckα
k(n − k).

Instead of considering all of the faces in CP , if we consider only those
faces of CP that have nonempty intersection with int(P ), then we obtain
the following corollary.
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Corollary 4.4 (Decomposition theorem 3-2). Let

F1−1(CF ,vP ) = ∅
F10 (CF ,vP ) = {vP }
,
and for k ∈ [d] let
F1k (CF ,vP ) =
{
αk
∣∣∣αk ∈ Fk(CP ,vP ), αk ∩ int(P ) 6= ∅}.
For each αk ∈ F1k (CF ,vP ) with k ∈ [d]0 let f(α
k) be the number of facets
of αk that are in F1k−1(CF ,vP ). Then the V (P )-polytope numbers are rep-
resented by
P (n) =
∑
k∈[d]0
∑
αk∈F1k (CF ,vP )
αk
(
n− f(αk)
)
.
4.4. Decomposition theorem 4. Let CP be a pointed triangulation of P .
Then
P =
⊎
k∈[d]0
⊎
αk∈Fk(CP )
relint(αk).
Using this decomposition, we consider Decomposition theorem 4.
Theorem 4.5 (Decomposition theorem 4). Let P be a d-polytope with the
V (P )-pointed triangulation CP and for k ∈ [d]0 let dk be the number of
k-simplexes in CP . Then the V (P )-polytope numbers are represented by
P (n) =
∑
k∈[d]
dkα
k
(
n− (k + 1)
)
.
Proof. Each pair of two distinct faces αk1 and αk2 of CP satisfies
relint(αk1) ∩ relint(αk2) = ∅,
thus
(4.2) P =
⊎
k∈[d]0
⊎
αk∈CP
relint(αk).
The identity (4.2) yields
SP (n) =
⊎
k∈[d]0
⊎
αk∈F(CP )
Sαk(n)
♯.
Since the interior k-simplex numbers αk(n)♯ satisfy
αk(n)♯ = αk
(
n− (k + 1)
)
,
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if we denote dk =
∣∣Fk(CP )∣∣ then
P (n) =
∣∣SP (n)∣∣ =
∣∣∣∣ ⊎
k∈[d]0
⊎
αk∈F(CP )
Sαk(n)
♯
∣∣∣∣
=
∑
k∈[d]0
∑
αk∈Fk(CP )
αk
(
n− (k + 1)
)
=
∑
k∈[d]0
dkα
k
(
n− (k + 1)
)
.

4.5. Relations between decomposition theorems. Decomposition the-
orems provides several methods to decompose polytope numbers into sim-
plex numbers. Thus relations between decomposition theorems may exist.
We consider such relations in this subsection.
4.5.1. Decomposition theorem 1 and other decomposition theorems. Decom-
position theorem 1 represents d-polytope numbers by sums of d-simplex
numbers, whereas other decomposition theorems represent d-polytope num-
bers by sums of various dimensional simplex numbers. Thus we use the
relation αd−1(n) = αd(n) − αd(n − 1) to derive Decomposition theorem 1
from other decomposition theorems.
The equation αd−1(n) = αd(n)− αd(n− 1) produces
αi(n) =
∑
j∈[d−i]0
(−1)j
(
d− i
j
)
αd(n− j),(4.3)
αk(n− k) =
∑
j∈[d−k]0
(−1)j
(
d− k
j
)
αd(n − k − j),(4.4)
αk
(
n− (k + 1)
)
=
∑
j∈[d−k]0
(−1)j
(
d− k
j
)
αd
(
n− (k + 1)− j
)
.(4.5)
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Therefore for a d-polytope P the identities (4.3)–(4.5) change decomposition
forms of P (n) in Decomposition theorems 2, 3-1, and 4 into
P (n) =
∑
i∈[d]
(−1)d−ibia
i(n)
=
∑
i∈[d]
(−1)d−ibi
( ∑
j∈[d−i]
(−1)j
(
d− i
j
)
αd(n− j)
)
=
∑
j∈[d−1]0
( ∑
i∈[d−j]
(−1)d−i−jbi
(
d− i
j
))
αd(n− j),
P (n) =
∑
k∈[d]0
ckα
k(n− k)
=
∑
k∈[d]0
ck
( ∑
j∈[d−k]0
(−1)j
(
d− k
j
)
αd(n− k − j)
)
=
∑
l∈[d]0
( ∑
k∈[l]0
ck(−1)
l−k
(
d− k
l − k
))
αd(n− l),
and
P (n) =
∑
k∈[d]0
dkα
k(n− (k + 1))
=
∑
k∈[d]0
dk
( ∑
j∈[d−k]0
(−1)j
(
d− k
j
)
αd
(
n− (k + 1)− j
))
=
∑
l∈[d+1]
( ∑
k∈[l−1]0
dk(−1)
l−1−k
(
d− k
l − 1− k
))
αd(n− l),
respectively.
4.5.2. Decomposition theorems 2 and 3-2. For a polytopal complex CP , De-
composition theorems 2 and 3-2 use the same facial information of CP . Hence
we can expect a relation between these two decomposition theorems. We
verify such a relation here.
For a finite poset P we define the zeta function ζ of P to be
ζ(x, y) = 1 for each {x, y} ⊆ P with x ≤ y.
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Let the inverse function of ζ be µ called the Mo¨bius function of P. Then
µ(x, y) =


1 when x = y
−
∑
x≤z<y
µ(x, z) when x < y
.
Theorem 4.6 (Mo¨bius inversion formula [4]). Let P be a finite poset and
f : P → C and g : P → C. Then
g(x) =
∑
y≤x
f(y) when x ∈ P
if and only if
f(x) =
∑
y≤x
g(y)µ(y, x) when x ∈ P.
Theorem 4.7 ([4]). Let C be a polytopal complex and P = P(C) be the poset
on
(
C \ {∅}
)
∪
{
|C|
}
, ordered by
Fi ≤ Fj if Fi ⊆ Fj .
Then
µP(F1, F2) =


0, if F2 = |C| and F1 lies on the
boundary of |C|
(−1)rank(F2)−rank(F1), otherwise
.
Let P be a d-polytope with the V (P )-pointed triangulation CP and CP d−1
be the polytopal complex formed by the faces of CP that do not contain vP .
We define
(4.6)


CP d−1(n)
♯ = 0
CP d−1(n) = CP d−1(n)
♯ +
∑
k∈[d−1]0
∑
αk∈C
Pd−1
αk(n)
♯ .
Note that the identity (4.6) is a restatement of the decomposition form of
Decomposition theorem 3-2. If we let P = P(CP d−1), then Theorems 4.6
and 4.7 supply
CP d−1(n)
♯ = CP d−1(n) +
∑
k∈[d−1]0
(−1)d−kbk+1α
k(n)
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where bk+1 is the number of (k + 1)-simplexes that contain vP and are not
on the boundary of P . Since CP d−1(n)
♯ = 0, we obtain
CP d−1(n) =
∑
k∈[d−1]0
(−1)d−1−kbk+1α
k(n).
Moreover, 

P (n) =
∑
i∈[n]
CP d−1(i)
αk+1(n) =
∑
i∈[n]
αk(i)
by definition, thus
P (n) =
∑
k∈[d]
(−1)d−kbkα
k(n),
which is the decomposition form of Decomposition theorem 2.
Instead of triangulation, we consider the polytopal complex CQd−1 formed
by the faces of P that do not contain vP . We define

CQd−1(n)
♯ = 0
CQd−1(n) = CQd−1(n)
♯ +
∑
k∈[d−1]0
∑
F k∈C
Qd−1
F k(n)♯
.
The method used in the triangulation case yields
CQd−1(n) =
∑
k∈[d−1]
(−1)d−1−k
∑
F k∈C
Qd−1
F k(n).
Since P (n) =
∑
i∈[n]
CQd−1(i), if we define F
k,s(n) =
∑
i∈[n]
F k(i) then
P (n) =
∑
k∈[d]
(−1)d−k
∑
F k∈C
Qd−1
F k, s(n).
4.6. Computations of coefficients in decomposition theorems. Let
P be a d-polytope. By the definition of polytope numbers, for each n the
number P (n) is a polynomial of n. Therefore a finite number of values of
P (n) allow us to compute the coefficients in decomposition forms of P (n)
in decomposition theorems. We perform such computations.
By Decomposition theorem 1
P (n) =
∑
i∈[d−1]
aiα
d(n− i),
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thus 

P (1)
P (2)
· · ·
P (d)


=


αd(1) 0 · · · 0
αd(2) αd(1) · · · 0
· · · · · · · · · · · ·
αd(d) αd(d− 1) · · · αd(1)




a0
a1
· · ·
ad−1


.
If we let
A =


αd(1) 0 · · · 0
αd(2) αd(1) · · · 0
· · · · · · · · · · · ·
αd(d) αd(d− 1) · · · αd(1)


,
then the Gaussian elimination produces
A−1 =


(−1)0
(d+1
0
)
0 · · · 0
(−1)1
(d+1
1
)
(−1)0
(d+1
0
)
· · · 0
· · · · · · · · · · · ·
(−1)d−1
(
d+1
d−1
)
(−1)d−2
(
d+1
d−2
)
· · · (−1)0
(
d+1
0
)


.
Therefore

a0
a1
· · ·
ad−1


=


(−1)0
(d+1
0
)
0 · · · 0
(−1)1
(d+1
1
)
(−1)0
(d+1
0
)
· · · 0
· · · · · · · · · · · ·
(−1)d−1
(d+1
d−1
)
(−1)d−2
(d+1
d−2
)
· · · (−1)0
(d+1
0
)




P (1)
P (2)
· · ·
P (d)


.
By Decomposition theorem 2
P (n) =
∑
i∈[d]
(−1)d−ibiα
i(n),
which gives


P (1)
P (2)
· · ·
P (d)


=


α1(1) α2(1) · · · αd(1)
α1(2) α2(2) · · · αd(2)
· · · · · · · · · · · ·
α1(d) α2(d) · · · αd(d)




(−1)d−1b1
(−1)d−2b2
· · ·
(−1)0bd


.
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If we denote
B =


α1(1) α2(1) · · · αd(1)
α1(2) α2(2) · · · αd(2)
· · · · · · · · · · · ·
α1(d) α2(d) · · · αd(d)


then 

(−1)d−1b1
(−1)d−2b2
· · ·
(−1)1bd−1
(−1)0bd


= B−1


P (1)
P (2)
· · ·
P (d− 1)
P (d)


where the matrix B−1 is

(−1)0(
(1
0
)
+
(2
1
)
) (−1)−1
(2
0
)
0 · · · 0
(−1)1(
(
2
1
)
+
(
3
2
)
) (−1)0(
(
2
0
)
+
(
3
1
)
) (−1)−1
(
3
0
)
· · · 0
· · · · · · · · · · · · · · ·
(−1)d−2(
(
d−1
d−2
)
+
(
d
d−1
)
) · · · · · · (−1)0(
(
d−1
0
)
+
(
d
1
)
) (−1)−1
(
d
0
)
(−1)d−1
( d
d−1
)
· · · · · · (−1)1
(d
1
)
(−1)0
(d
0
)


.
Decomposition theorem 3 yields
P (n) =
∑
i∈[d]
ciα
d(n− i).
Similarly, if we write

P (1)
P (2)
· · ·
P (d+ 1)


=


α0(1) 0 · · · 0
α0(2) α1(1) · · · 0
· · · · · · · · · · · ·
α0(d+ 1) α1(d) · · · αd(1)




c0
c1
· · ·
cd


then

c0
c1
· · ·
cd


=


(−1)0
(
0
0
)
0 · · · 0
(−1)1
(
1
1
)
(−1)0
(
1
0
)
· · · 0
· · · · · · · · · · · ·
(−1)d
(d
d
)
(−1)d−1
( d
d−1
)
· · · (−1)0
(d
0
)




P (1)
P (2)
· · ·
P (d+ 1)


.
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5. Illustrations of decomposition theorems
We apply decomposition theorems to both regular polytopes and the prod-
uct of simplexes. This application gives new interpretations of some known
combinatorial identities and derives new combinatorial identities.
5.1. Decomposition theorem 1.
5.1.1. Cross polytope βd. For fixed numbers ai ∈ {1,−1} let α
d(a1, a2, . . . , ad−1)
be the d-simplex with the vertex set
{ed,−ed, a1e1, a2e2, . . . , ad−1ed−1},
and let S
(
βds
)
be the set of such d-simplexes. Then, by a simple reasoning,
βd =
⋃
αd∈S(βd)
αd.
Moreover, the d-simplexes in S
(
βds
)
form a pointed triangulation Cβds such
that 

∣∣Cβds ∣∣ = βd
Cβds =
⊕
αd∈S(βd)
αd
.
We call Cβds the standard pointed triangulation of β
d
s and assume that β
d
s (n)
are formed by Cβds .
For i ∈ [d− 1]0 let Si(β
d
s ) be the set of α
d(a1, a2, . . . , ad−1) in S(β
d
s ) such
that the number of aj satisfying aj = −1 is i. Then for each i the set Si(β
d
s )
satisfies 

∣∣Si(βds )∣∣ = (d−1i )
S(βds ) =
⊎
i∈[d−1]
Si(β
d
s )
.
We say that a d-simplex αd
(
a11, a
1
2, . . . , a
1
d−1
)
in S(βds ) is adjacent to another
d-simplex αd
(
a21, a
2
2, . . . , a
2
d−1
)
in S(βds ) if
(
a21, a
2
2, . . . , a
2
d−1
)
−
(
a11, a
1
2, . . . , a
1
d−1
)
= 2ej
for some j ∈ [d− 1]. By the definition of adjacency
dim
(
αd
(
a11, a
1
2, . . . , a
1
d−1
)
∩ αd
(
a21, a
2
2, . . . , a
2
d−1
))
= d− 1,
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and if αd
(
a11, a
1
2, . . . , a
1
d−1
)
∈ Si(β
d
s ) then α
d
(
a21, a
2
2, . . . , a
2
d−1
)
∈ Si+1(β
d
s ).
In addition, if αd(a1, a2, . . . , ad1) ∈ Si(β
d
s ) then the number of d-simplexes
in S(βds ) that are adjacent to α
d(a1, a2, . . . , ad−1) is i.
For αd ∈ S(βds ) let A(α
d) be the set of d-simplexes in S(βds ) that are
adjacent to αd and
Cαd(n) = Sαd(n) \
⋃
αd1∈A(α
d)
Sαd1
(n).
Simply speaking, Cαd(n) is formed by successive facet-cuts on Sαd(n). By
the geometric description of polytope numbers
Sβds (n) =
⊎
αd∈S(βds )
Cαd(n),
and if αd ∈ Si then successive i facet-cuts on Sαd yield∣∣Cαd(n)∣∣ = αd(n− i).
Therefore
βd(n) = βds (n) =
∣∣Sβds (n)∣∣
=
∣∣∣∣ ⊎
αd∈S(βds )
Cαd(n)
∣∣∣∣ =
∣∣∣∣ ⊎
i∈[d−1]0
⊎
αd∈Si(βds )
Cαd(n)
∣∣∣∣
=
∑
i∈[d−1]0
∑
αd∈Si(βds )
∣∣Cαd(n)∣∣ = ∑
i∈[d−1]0
∑
αd∈Si(βds )
αd(n− i)
=
∑
i∈[d−1]0
(
d− 1
i
)
αd(n− i).
This computation of βd(n) coincides with Kim’s computation of βd(n) [3].
5.1.2. Measure polytope γd. Let Sd be the set of permutations on the set
[d]. We denote by [a1, a2, . . . , an] a permutation on [d]. For the permutation
[a1, a2, . . . , ad] we define α
d[a1, a2, . . . , ad] to be the simplex with the vertex
set
{0, ea1 , ea1 + ea2 , . . . , ea1 + ea2 + · · ·+ ead = 1}.
If we define
S(γds ) =
{
αd[a1, a2, . . . , ad]
∣∣ [a1, a2, . . . , ad] ∈ Sd},
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then, by a simple reasoning,
γds =
⋃
αd∈S(γds )
αd.
Stanley gave this representation of γds [4]. We can easily show that the
d-simplexes in S(γds ) form a pointed triangulation Cγds such that

|Cγds | = γ
d
s
Cγd =
⊕
αd∈S(γds )
αd
.
We call Cγds the standard pointed triangulation of γ
d
s and assume that γ
d(n)
are formed by this pointed triangulation
For i ∈ [d − 1]0 let Si(γ
d
s ) be the set of α
d[a1, a2, . . . , ad] in S(γ
d
s ) such
that for j ∈ [d− 1] the number of j obeying aj > aj+1 is i. Each of the sets
Si(γ
d
s ) satisfies 

∣∣Si(γds )∣∣ =
〈
d
i
〉
S(γds ) =
⊕
i∈[d−1]0
Si(γ
d
s )
where
〈
d
i
〉
is the Eulerian number. We say that an αd
[
a11, a
1
2, . . . , a
1
d
]
is
adjacent to another αd
[
a21, a
2
2, . . . , a
2
d
]
if
[
a21, a
2
2, . . . , a
2
d
]
=
[
a11, . . . , a
1
j−1, a
1
j+1, a
1
j , a
1
j+2, . . . , a
1
d
]
where a1j < a
1
j+1. By the definition of adjacency
dim
(
αd
[
a11, a
1
2, . . . , a
1
d
]⋂
αd
[
a21, a
2
2, . . . , a
2
d
])
= d− 1,
and if αd[a11, a
1
2, . . . , a
1
d] ∈ Si(γ
d
s ) then α
d[a21, a
2
2, . . . , a
2
d] ∈ Si+1(γ
d
s ). In addi-
tion, if αd[a1, a2, . . . , ad] ∈ Si(γ
d
s ) then the number of d-simplexes in S(γ
d
s )
that are adjacent to αd[a1, a2, . . . , ad] is i.
For αd ∈ S(γds ) let A(α
d) be the set of d-simplexes in S(γds ) that are
adjacent to αd and
Cαd(n) = Sαd(n) \
⋃
αd1∈A(α
d)
Sαd1
(n).
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Simply speaking, Cαd(n) is formed by successive facet-cuts on Sαd(n). By
the geometric description of polytope numbers
Sγds (n) =
⊎
αd∈S(γds )
Cαd(n),
and if αd ∈ Si(γ
d
s ) then successive i facet-cuts on Sαd(n) yield
∣∣Cαd(n)∣∣ = αd(n− i).
Therefore
γd(n) = γds =
∣∣Sγds (n)∣∣(5.1)
=
∣∣∣∣∣
⊎
αd∈S(γds )
Cαd(n)
∣∣∣∣∣ =
∣∣∣∣ ⊎
i∈[d−1]0
⊎
αd∈Si(γds )
Cαd(n)
∣∣∣∣
=
∑
i∈[d−1]0
∑
αd∈Si(γds )
∣∣Cαd(n)∣∣ = ∑
i∈[d−1]0
∑
αd∈Si(γds )
αd(n− i)
=
∑
i∈[d−1]
〈
d
i
〉
αd(n− i).
This computation of γd(n) coincides with Kim’s computation [3] and we can
also obtain this decomposition of γd(n) by a Worpitzky’s result [5].
5.1.3. The product of simplexes. For j ∈ [l] let 0j be the zero vector and
e
j
0, e
j
1, . . . , e
j
dj
be the unit vectors in Rdj+1. Writing
αdj = conv
({
e
j
0, e
j
1, . . . , e
j
dj
})
for j ∈ [l], we define
αd1,d2,...,dl =
∏
j∈[l]
αdj
to be the standard product of simplexes. Let d =
∑
j∈[l]
dj and Sd1,d2,...,dl be
the set of permutations on the multiset {1d1 , 2d2 , . . . , ldl} where the number
of i in this multiset is di. For a permutation [a1, a2, . . . , ad] ∈ Sd1,d2,...,dl
denoting 

(
A10, A
2
0, . . . , A
l
0
)
= (0, 0, . . . , 0)(
A1i , A
2
i , . . . , A
l
i
)
=
∑
k∈[i]
eai
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for i ∈ [d], we define αd[a1, a2, . . . , ad] to be the simplex with the vertex set
vert
(
αd[a1, a2, . . . , ad]
)
=
{∏
j∈[l]
e
j
Aji
∣∣∣∣ i ∈ [d]0
}
and
S(αd1,d2,...,dl) =
{
αd1,d2,...,dl [a1, a2, . . . , ad]
∣∣ [a1, a2, . . . , ad] ∈ Sd1,d2,...,dl}.
We claim that
(5.2) αd1,d2,...,dl =
⋃
αd∈S(αd1,d2,...,dl )
αd.
By definition
vert
(
αd1,d2,...,dl
)
⊇
⋃
αd∈S(αd1,d2,...,dl)
vert(αd ),
thus
αd1,d2,...,dl ⊇
⋃
αd∈S(αd1,d2,...,dl)
αd.
Consider the opposite inclusion ⊆. Let
x =
∏
j∈[l]
(
xj0, x
j
1, . . . , x
j
dj
)∗
∈ αd1,d2,...,dl .
Denoting Xjkj =
∑
i∈[kj]0
xji for (j, kj) ∈ [l] × [dj ], we let ≺ be the total order
on Xjkj defined by X
j1
kj1
≺ Xj2kj2
if one of the following is true:


Xj1kj1
< Xj2kj2
Xj1kj1
= Xj2kj2
for j1 < j2
Xj1kj1
= Xj2kj2
for j1 = j2, kj1 < kj2
.
Assuming that Xj1kj1
≺ Xj2kj2
≺ · · · ≺ Xjdkjd
, for i ∈ [d] we define the l-tuples
(
A1i , A
2
i , . . . , A
l
i
)
=
∑
k∈[i]
ejk .
If we denote 

X00 =
∑
j∈[l]
xj0
Xj0kj0
= 0
,
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then
x =
∑
i∈[d]
(
Xjikji
−X
ji−1
kji−1
) ∏
j∈[l]
e
j
Aji
+X00
∏
j∈[l]
e
j
0.
The equation ∑
i∈[d+1]
(
Xjikji
−X
ji−1
kji−1
)
+X00 =
∑
j∈[l]
∑
i∈[dj ]0
xji = 1
provides x ∈ αd[j1, j2, . . . , jd], thus∏
j∈[l]
αdj ⊆
⋃
αd∈S(αd1,d2,...,dl )
αd.
From the identity (5.2), we define a polytopal complex
Cd1,d2,...,dl =
⊕
αd∈S(αd1,d2,...,dl)
αd.
Then, by a simple reasoning, Cd1,d2,...,dl is a pointed triangulation of
∏
j∈[l]
αdj .
We call Cd1,d2,...,dl the standard pointed triangulation of
∏
j∈[l]
αdj .
For i ∈ [d − 1]0 let Si(α
d1,d2,...,dl) be the set of αd
[
a1, a2, . . . , ad
]
in
Si(α
d1,d2,...,dl) such that for k ∈ [d−1]0 the number of k satisfying ak > ak+1
is i. We define 〈
d1, d2, . . . , dl
i
〉
=
∣∣∣Si(αd1,d2,...,dl)∣∣∣.
The sets Si(α
d1,d2,...,dl) satisfy
S(αd1,d2,...,dl) =
⊎
i∈[d−1]
Si(α
d1,d2,...,dl).
We say that an αd
[
a11, a
1
2, . . . , a
1
d
]
is adjacent to another αd
[
a21, a
2
2, . . . , a
2
d
]
if
[
a21, a
2
2, . . . , a
2
d
]
=
[
a11, . . . , a
1
k−1, a
1
k+1, a
1
k, a
1
k+2, . . . , a
1
d
]
where a1k < a
1
k+1. By the definition of adjacency
dim
(
αd
[
a11, a
1
2, . . . , a
1
d
]
∩ αd
[
a21, a
2
2, . . . , a
2
d
])
= d− 1,
and if αd[a11, a
1
2, . . . , a
1
d] ∈ Si(α
d1,d2,...,dl) then
αd
[
a21, a
2
2, . . . , a
2
d
]
∈ Si+1(α
d1,d2,...,dl).
In addition, if αd[a1, a2, . . . , ad] ∈ Si(α
d1,d2,...,dl) then the number of d-
simplexes in S(αd1,d2,...,dl) that are adjacent to αd
[
a1, a2, . . . , ad
]
is i.
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For αd ∈ S(αd1,d2,...,dl) let A(αd) be the set of d-simplexes in S(αd1,d2,...,dl)
that are adjacent to αd and let
Cαd(n) = Sαd(n) \
⋃
αd1∈A(α
d)
Sαd1
(n).
Simply speaking, Cαd(n) is formed by successive facet-cuts on Sαd(n). By
the geometric description of polytope numbers
Sαd1,d2,...,dl (n) =
⊎
αd∈S(α
d1,d2,...,dl )
Cαd(n),
and if αd ∈ Si(α
d1,d2,...,dl) then successive i facet-cuts on Sαd yields
∣∣Cαd(n)∣∣ = αd(n− i).
Therefore
αd1,d2,...,dl(n) =
∣∣Sαd1,d2,...,dl (n)∣∣
(5.3)
=
∣∣∣∣ ⊎
αd∈S(α
d1,d2,...,dl)
Cαd(n)
∣∣∣∣ =
∣∣∣∣ ⊎
i∈[d−1]
⊎
αd∈Si(α
d1,d2,...,dl)
Cαd(n)
∣∣∣∣
=
∑
i∈[d−1]
∑
αd∈Si(α
d1,d2,...,dl)
∣∣Cαd(n)∣∣ = ∑
i∈[d−1]
∑
αd∈Si(α
d1,d2,...,dl)
αd(n− i)
=
∑
i∈[d−1]
〈
d1, d2, . . . , dl
i
〉
αd(n− i).
Remark 5.1. If d1 = d2 = · · · = dl = 1, then α
d1,d2,...,dl is an l-measure
polytope. Thus the identity (5.3) is a generalization of the identity (5.1).
In this point of view, we call the numbers
〈
d1,d2,...,dl
i
〉
generalized Eulerian
numbers.
5.2. Decomposition theorem 2 and Decomposition theorem 3. Es-
sentially, the same phenomenon describes Decomposition theorems 2 and 3.
Therefore we apply these theorems at the same time.
5.2.1. Simplex αd. For αds let vαd = e0. Suppose that Cαds is the V (α
d
s)-
pointed triangulation. Since a k-simplex in Cαds that contains vαd is deter-
mined by k vertexes among e1, e2, . . . , ed, the number of such k-faces in Cαds
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is
(d
k
)
. Therefore, by Decomposition theorem 3-1,
αd(n) = αds(n) =
∑
k∈[d]0
(
d
k
)
αk(n− k).
5.2.2. Cross polytope βd. For βds let vβd = ed. An r-simplex α
r in Cβds
satisfies αr ∩ int(βd) 6= ∅ if and only if {ed,−ed} ⊆ α
r, thus
αr = {ed,−ed, ai1ei1 , ai2ei2 , . . . , air−1eir−1}
where aij ∈ {1,−1}. By the way, the number of such r-simplexes in Cβd is(
d−1
r−1
)
2r−1, thus Decomposition theorem 2 yields
βd(n) = βds (n) =
∑
r∈[d]
(−1)d−r
(
d− 1
r − 1
)
2r−1αr(n).
This computation of βd(n) coincides with Kim’s computation of βd(n) [3].
Similarly, Decomposition theorem 3-2 provides
βd(n) =
∑
k∈[d]
(
d− 1
k − 1
)
2k−1αk(n− k + 1).
In addition, if we consider the number of k-simplexes in Cβds that are on the
boundary of βds and contain vβds , which is 2
k
(d−1
k
)
by a simple computation,
then, by Decomposition theorem 3-1,
βd(n) =
∑
k∈[d]0
{
2k
(
d− 1
k
)
+ 2k−1
(
d− 1
k − 1
)}
αk(n− k).
5.2.3. Measure polytope γd. For γds let vγd = 0. If α
r is an r-simplex in
Cγd satisfying α
r ∩ int(γd) 6= ∅, then {0,1} ⊆ αr. Moreover, a d-simplex
αd[a1, a2, . . . , ad] ∈ Cγd satisfying α
r ⊆ αd[a1, a2, . . . , ad] exists, thus the
vertexes of αr are
0,
∑
k1∈[d1]
eak1
,
∑
k2∈[d2]
eak2
, . . . ,
∑
kr−1∈[dr−1]
eakr−1
, 1
where 1 ≤ d1 < d2 < · · · < dr−1 ≤ d − 1. Consequently, the vertexes of α
r
correspond to an ordered partition of [d] into r sets. The number of such
partitions is r!S(d, r) where S(d, r) is the Stirling number of the second kind,
which is the number of ways to partition a d-set into r sets. If we assume
that
a1 > a2 > · · · > ad1 , ad1+1 > ad1+2 > · · · > ad2 , . . . , adr−1+1 > adr−1+2 > · · · > ad,
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that is, [a1, a2, . . . , ad] has at least d− r descents, then the number of such
αr is ∑
i∈[d−1]\[d−1−r]
〈
d
i
〉(
i
d− r
)
.
Therefore Decomposition theorem 2 yields
γd(n) = γds (n) =
∑
r∈[d]
(−1)d−rr!S(d, r)αr(n)
=
∑
r∈[d]
(−1)d−r
{ ∑
i∈[d−1]\[d−1−r]
〈
d
i
〉(
i
d− r
)}
αr(n).
Similarly, by Decomposition theorem 3-2,
γd(n) =
∑
r∈[d]
r!S(d, r)αr(n − r + 1)
=
∑
r∈[d]
{ ∑
i∈[d−1]\[d−1−r]
〈
d
i
〉(
i
d− r
)}
αr(n− r + 1).
Let αr be an r-simplex in Cγds that contains 0 and is a subpolytope of
αd[a1, a2, . . . , ad]. Then
αr = vert
({
0,
∑
k1∈[d1]
eak1
,
∑
k2∈[d2]
eak2
, . . . ,
∑
kr−1∈[dr−1]
eakr−1
})
where 1 ≤ d1 < d2 < · · · < dr−1 ≤ d. Thus to choose an r-simplex in
Cγds is equivalent to construct an ordered partition of a subset of [d] with j
elements into r sets where j ∈ [d] \ [r − 1]. It follows that the number of
such r-simplexes in Cγds is ∑
j∈[d]\[r−1]
(
d
j
)
r!S(j, r).
Decomposition theorem 3-1 yields
γd(n) =
∑
r∈[d]0
( ∑
j∈[d]\[r−1]
(
d
j
)
r!S(j, r)
)
αr(n− r).
5.2.4. The product of simplexes. For αd1,d2,...,dl let
vαd1,d2,...,dl =
∏
j∈[l]
e
j
0.
Suppose that αr ⊆ αd[a1, a2, . . . , ad] and for i1 < i2 < · · · < ir let∏
j∈[l]
e
j
0,
∏
j∈[l]
e
j
Aji1
,
∏
j∈[l]
e
j
Aji2
, . . . ,
∏
j∈[l]
e
j
Ajir
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be the vertexes of αr. The simplex αr satisfies αr ∩ int(αd1,d2,...,dl) 6= ∅ if
and only if there is a point x =
∏
j∈[l]
(
xj0, x
j
1, . . . , x
j
dj
)∗
in αr such that every
entry of x is nonzero, equivalently,
(5.4)
{
0, Aji1 , A
j
i2
, . . . , Ajir
}
= [dj ]0
for j ∈ [l]. Therefore, if we denote
(
A1i0 , A
2
i0
, . . . , Ali0
)
= 0, then the number
of r-simplexes αr satisfying αr∩int(αd1,d2,...,dl) 6= ∅ is the number of elements
in the set A composed of((
A1i1 , A
2
i1 , . . . , A
l
i1
)
,
(
A1i2 , A
2
i2 , . . . , A
l
i2
)
, . . . ,
(
A1ir , A
2
ir , . . . , A
l
ir
))
that satisfies
(5.5)

(
A1im , A
2
im , . . . , A
l
im
)
−
(
A1im−1 , A
2
im−1
, . . . , Alim−1
)
> 0 for m ∈ [r]{
0, Aji1 , A
j
i2
, . . . , Ajir
}
= [dj ]0 for j ∈ [l]
.
For k ∈ [r] let Ak be the subset of A each of whose elements satisfies(
A1ik , A
2
ik
, . . . , Alik
)
−
(
A1ik−1 , A
2
ik−1
, . . . , Alik−1
)
= 0.
The number of((
A1i1 , A
2
i1 , . . . , A
l
i1
)
,
(
A1i2 , A
2
i2 , . . . , A
l
i2
)
, . . . ,
(
A1ir , A
2
ir , . . . , A
l
ir
))
satisfying the condition (5.5) is the number of elements in A\
( ⋃
k∈[r]
Ak
)
. By
the principle of inclusion and exclusion [4]∣∣∣∣A \
( ⋃
k∈[r]
Ak
)∣∣∣∣ = ∑
k∈[r]0
(−1)k
(
r
k
)∏
j∈[l]
(
r − k
dj
)
,
thus Decomposition theorems 2 and 3-2 yield

αd1,d2,...,dl(n) =
∑
r∈[d]
(−1)d−r
{ ∑
k∈[r]0
(−1)k
(r
k
) ∏
j∈[l]
(r−k
dj
)}
αr(n)
αd1,d2,...,dl(n) =
∑
r∈[d]
{ ∑
k∈[r]0
(−1)k
(
r
k
) ∏
j∈[l]
(
r−k
dj
)}
αr(n− r + 1)
,
respectively.
We can similarly compute the number of r-simplexes in Cd1,d2,...,dl that
contain vαd1,d2,...,dl . It is the number of((
A1i1 , A
2
i1 , . . . , A
l
i1
)
,
(
A1i2 , A
2
i2 , . . . , A
l
i2
)
, . . . ,
(
A1ir , A
2
ir , . . . , A
l
ir
))
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obeying

(
A1im , A
2
im
, . . . , Alim
)
−
(
A1im−1 , A
2
im−1
, . . . , Alim−1
)
> 0 for m ∈ [r]{
0, Aji1 , A
j
i2
, . . . , Ajir
}
= [d1j ]0 for j ∈ [l] and d
1
j ∈ [dj ]0
.
By the principle of inclusion and exclusion, this number is
∑
k∈[r]0
(−1)k
(
r
k
)∏
j∈[l]
(
dj + r − k
r − k
)
,
therefore Decomposition theorem 3-1 furnishes
αd1,d2,...,dl(n) =
∑
r∈[d]0
{ ∑
k∈[r]0
(−1)k
(
r
k
)∏
j∈[l]
(
dj + r − k
r − k
)}
αr(n− r).
6. Applications of polytopes numbers
Decomposition theorems are methods to represent polytope numbers by
sums of simplex numbers and the vertex description of polytope numbers
gives a relation between polytope numbers and a set of chains in posets
formed by faces of polytopes. Using these facts, we consider applications
of polytope numbers to several research topics. These topics are composed
of generalized Eulerian numbers, lattice paths, plane partitions, and Young
tableaux. For two polytopes P1 and P2 we say that P1 is a vertex subpoly-
tope of P2 if vert(P1) ⊆ vert(P2).
6.1. Generalized Eulerian numbers. In this subsection, we denote the
unit vectors of Rd+1 by e0, e1, . . . , ed and we define
ei1,i2,...,il = ei1 × ei2 × · · · × eil
where (i1, i2, . . . , il) ∈ [d1]0 × [d2]0 × · · · [dl]0.
Letting d =
∑
i∈[l]
di, we define
L(i1, i2, . . . , id+1) = {ei1 , ei1 + ei2 , . . . , ei1 + ei2 + · · ·+ eid+1}
to be the lattice path
0→ ei1 → ei1 + ei2 → · · · → ei1 + ei2 + · · ·+ eid
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from (0, 0, . . . , 0) to (d1, d2, . . . , dl), and L(d1, d2, . . . , dl) to be the set of such
L(i1, i2, . . . , id+1). For L(i1, i2, . . . , id+1) ∈ L(d1, d2, . . . , dl) let
αd(i1, i2, . . . , id+1) = conv
({
ej1,j2,...,jl
∣∣ (j1, j2, . . . , jl) ∈ L(i1, i2, . . . , id+1)}).
be a d-simplex, which is a vertex subpolytope of αd1,d2,...,dl .
For a lattice path L(i1, i2, . . . , id+1) in L(d1, d2, . . . , dl), we define a descent
of L(i1, i2, . . . , id+1) to be an index p such that ip > ip+1. Then we can easily
show that
(6.1)
∏
i∈[l]
αdi =
⋃
L(i1,i2,...,id+1)∈L(d1,,d2,...,dl)
αd(i1, i2, . . . , id+1).
By Decomposition theorem 1,
∏
i∈[l]
αdi(n) =
∑
i∈[d−1]0
aiα
d(n− i)
where ai is the number of lattice paths in L(d1, d2, . . . , dl) with i descents.
Since ai =
〈
l
i
〉
for d1 = d2 = · · · = dl = 2, the numbers a0, a1, . . . , ad−1 are
generalized Eulerian numbers. By

∏
i∈[l]
αdi(1)
∏
i∈[l]
αdi(2)
· · ·∏
i∈[l]
αdi(d)


=


αd(1) 0 · · · 0
αd(2) αd(1) · · · 0
· · · · · · · · · · · ·
αd(d) αd(d− 1) · · · αd(1)




a0
a1
· · ·
ad−1


,
the numbers a0, a1, . . . , ad−1 are


a0
a1
· · ·
ad−1


=


(−1)0
(d+1
0
)
0 · · · 0
(−1)1
(d+1
1
)
(−1)0
(d+1
0
)
· · · 0
· · · · · · · · · · · ·
(−1)d−1
(d+1
d−1
)
(−1)d−2
(d+1
d−2
)
· · · (−1)0
(d+1
0
)




∏
i∈[l]
αdi(1)
∏
i∈[l]
αdi(2)
· · ·∏
i∈[l]
αdi(d)


.
Therefore
ai =
∑
j∈[i]
(−1)j
(
d+ 1
j
) ∏
k∈[l]
αdk(i+ 1− j).
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6.2. Lattice paths and plane partitions. Let PL be a d-dimensional
vertex subpolytope of αd1,d2,...,dl with d1 ≥ d2 ≥ · · · ≥ dl each of whose
verteices ei1,i2,...,il satisfies i1 ≥ ı2 ≥ · · · ≥ il. If we use the decomposition
(6.1), then the d-simplexes αd(i1, i2, . . . , id+l) in the decomposition (6.1)
correspond to the lattice paths from (0, 0, . . . , 0) to (d1, d2, . . . , dl) such that
every point (x1, x2, . . . , xd) in these lattice paths satisfies x1 ≥ x2 ≥ · · · ≥ xl.
By Decomposition theorem 1,
PL(n) =
∑
i∈[d−1]
aiα
d(n− i)
where ai is the number of simplexes α
d(i1, i2, . . . , id+1) such that the number
of descents in L(i1, i2, . . . , id+1) is i and every point (x1, x2, . . . , xl) in the
lattice path L(i1, i2, . . . , id+1) satisfies x1 ≥ x2 ≥ · · · ≥ xl. Krattenthaler
computed the number
∑
i∈[d−1]0
ai [6] and ai are refinements of
∑
i∈[d−1]0
ai.
We now compute the numbers ai. According to the decomposition (6.1),
we can define a partial order of the vertexes in PL by
ea11,a12,...,a1l ≥ ea21,a22,...,a2l
if
a11 ≤ a21, a12 ≤ a22, . . . , a1l ≤ a2l.
Therefore we need to consider the number of different sums of n−1 vertexes
eai1,ai2,...,ail for i ∈ [n− 1] in PL such that
eai1,ai2,...,ail ≥ eai+1,1,ai+1,2,...,ai+1,l
to use the vertex description of polytope numbers. By a simple computation,
PL(n) is the number of plane partitions with entries aij satisfying aij ∈ [d1].
Since the number of such plane partitions is
P (n− 1, l, d1) =
∏
i∈[n−1]
∏
j∈[l]
∏
k∈[d1]
i+ j + k − 1
i+ j + k − 2
,
where P (0, l, d1) = 1 [7], the vertex description of polytope numbers for PL
yields
PL(n) = P (n− 1, 1, d1).
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The method to compute coefficients in the decomposition form of Decom-
position theorem 1 yields

a0
a1
· · ·
ad−1


=


(−1)0
(d+1
0
)
0 · · · 0
(−1)1
(d+1
1
)
(−1)0
(d+1
0
)
· · · 0
· · · · · · · · · · · ·
(−1)d−1
(d+1
d−1
)
(−1)d−2
(d+1
d−2
)
· · · (−1)0
(d+1
0
)




P (0, l, d1)
P (1, l, d1)
· · ·
P (d− 1, l, d1)


.
Therefore
ai =
∑
j∈[i]0
(−1)j
(
d+ 1
j
)
P (i− j, l, d1).
If we let l = 2, then ai is the number of lattice paths from (0, 0) to (d1, d2)
each of whose unit paths is either east or north and the first unit path is
east, which never crosses the line x1 = x2, and whose number of consecutive
north-east paths is i. The numbers ai are refinements of the Lobb number∑
i∈[d−1]0
ai [15]. In particular, if d1 = d2 then ai = N(d1, i+1) is the Narayana
number [7, 8].
If we let d1 = d2 = · · · = dl, then ai are higher dimensional Narayana
numbers [9].
6.3. Young tableaux and plane partitions. Let PY be a vertex sub-
polytope of γl·m =
∏
i∈[l·m]
conv
(
{e0, e1}
)
whose vertexes are
∏
(i,j,aij)∈S
eaij
where S is a subset of [l]× [m]× [1]0 such that each pair of (i1, j1, ai1j1) and
(i2, j2, ai2j2) in S satisfies that
ai1j1 ≥ ai2j2 if and only if i1 ≤ i2 and j1 ≤ j2.
Then PY is an (l · m)-polytope and there is a one-to-one correspondence
between the vertexes of PY and the partitions whose size of largest part is
at most m and the number of parts is at most l. Note that a partition λ is
a finite sequence of positive integers λ1, λ2, . . . , λn satisfying
λ1 ≥ λ2 ≥ · · · ≥ λn
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and we call λ1, λ2, . . . , λn the parts of λ and n the number of parts in λ. Us-
ing these two properties of the polytope PY , we can represent every vertex of
PY as follows: Let (s1, s2, . . . , sl) be a partition whose parts are s1, s2, . . . , sl
with m ≥ s1 ≥ s2 ≥ . . . ≥ sl. We define
v(s1, s2, . . . , sl) =
∏
(i,j,aij)∈S
eaij
where
aij =


1 for j ∈ [si]
0 for j ∈ [m] \ [si]
when i ∈ [l]. We assign a partial order to vert(PY ) by
v
(
s11, s
1
2, . . . , s
1
l
)
≥ v(s21, s
2
2, . . . , s
2
l ) if s
1
1 ≤ s
2
1, s
1
2 ≤ s
2
2, . . . , s
1
l ≤ s
2
l .
Let Y(PY ) be the set of{
v(s01, s
0
2, . . . , s
0
l ),v(s
1
1, s
1
2, . . . , s
1
l ), . . . ,v
(
sl·m1 , s
l·m
2 , . . . , s
l·m
l
)}
⊆ vert(PY )
satisfying

(
s01, s
0
2, . . . , s
0
l
)
= (0, 0, . . . , 0)(
si1, s
i
2, . . . , s
i
l
)
−
(
si−11 , s
i−1
2 , . . . , s
i−1
l
)
= ej for i ∈ [l ·m]
for some j ∈ [l]. For Y ∈ Y(PY ) we define an (l ·m)-simplex
αl·mY = conv(Y ).
Since PY is a vertex subpolytope of the product of simplexes, decompositions
of the product of simplexes gives
PY =
⋃
Y ∈Y(PY )
αl·mY .
Moreover,
⊕
Y ∈Y(PY )
αl·mY is a pointed triangulation of PY , therefore the com-
bination of these results and the vertex description of polytope numbers
yields
PY (n) = P (n− 1, l,m).
For each Y ∈ Y(PY ) we construct an l × m Young tableau T (Y ) with
entries in [l ·m] whose entries are strictly decreasing in each row and column
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as follows: For an element v(s1, s2, . . . , sl) of Y we define an l ×m matrix
M
(
v(s1, s2, . . . , sl)
)
with entries
M
(
v(s1, s2, . . . , sl)
)
ij
=


1 for j ∈ [si]
0 for j ∈ [m] \ [si]
where i ∈ [l]. The the (i, j) entry of T (Y ) is the number of v ∈ Y such that
M(v)ij = 1. Then T (Y ) is an l ×m Young tableau with entries in [l ·m]
where each row and column of T (Y ) has strictly decreasing entries.
Let
Y =
{
v
(
s01, s
0
2, . . . , s
0
l
)
,v
(
s11, s
1
2, . . . , s
1
l
)
, . . . ,v
(
sl·m1 , s
l·m
2 , . . . , s
l·m
l
)}
be an element of Y(P ) with


(
s01, s
0
2, . . . , s
0
l
)
= (0, 0, . . . , 0)(
si1, s
i
2, . . . , s
i
l
)
−
(
si−11 , s
i−1
2 , . . . , s
i−1
l
)
= ej for i ∈ [l]
for some j ∈ [l]. We define a descent of T (Y ) to be an index i ∈ [l ·m− 1]
such that if 

(
si−11 , s
i−1
2 , . . . , s
i−1
l
)
−
(
si1, s
i
2, . . . , s
i
l
)
= ej1(
si1, s
i
2, . . . , s
i
l
)
−
(
si+11 , s
i+1
2 , . . . , s
i+1
l
)
= ej2
then j1 > j2. If we use both the result in decompositions of the product of
simplexes and that in Decomposition theorem 1, then the coefficient ai in
PY (n) =
∑
i∈[l·m−1]0
aiα
l·m(n− i)
is the number of l ×m Young tableaux that have exactly i descents. The
method of computing coefficients in Decomposition theorem 1 yields

a0
a1
· · ·
al·m−1


= A


P (0, l,m)
P (1, l,m)
· · ·
P (l ·m− 1, l,m)


,
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where
A =


(−1)0
(l·m+1
0
)
0 · · · 0
(−1)1
(l·m+1
1
)
(−1)0
(l·m+1
0
)
· · · 0
· · · · · · · · · · · ·
(−1)l·m−1
(l·m+1
l·m−1
)
(−1)l·m−2
(l·m+1
l·m−2
)
· · · (−1)0
(l·m+1
0
)


.
Therefore
ai =
∑
j∈[i]0
(−1)j
(
l ·m+ 1
j
)
P (i− j, l,m).
The number of l ×m Young tableaux with entries in [l ·m] is
(l ·m)!
∏
j∈[m−1]
j!
∏
k∈[l+m−1]
k!
by the hook length formula [10], thus
∑
i∈[l·m−1]0
ai =
∑
i∈[l·m−1]0
∑
j∈[i]0
(−1)j
(
l ·m+ 1
j
)
P (i− j, l,m)
= (l ·m)!
∏
j∈[m−1]
j!
∏
k∈[l+m−1]
k!
.
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